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Abstract. We establish L p x L q to LT estimates for some general paraproducts, which 
arise in the study of the bilinear Hilbert transform along curves. 



1. Introduction 

It is an important theme of current research in analysis to decompose more complicated 
operators, such as the Cauchy integral on Lipschitz curves [1], as a sum of simpler operators. 
This theme has taken special prominence in multilinear Harmonic Analysis, beginning with 
the work of Lacey and Thiele [12], which expressed the bilinear Hilbert transforms as a sum 
of modulated paraproducts. This theme has found much broader application as well. 

The bilinear Hilbert transforms have a bilinear symbol given by restriction to a half- 
plane, with slope that depends upon the transform in question. In considering more com- 
plicated symbols, one is lead to to paraproducts which have a complicated underlying 
description. One then seeks certain estimates of these paraproducts that are uniform in 
the parametrizations. This line of investigation was started in [23], the results of which 
give a new, multilinear proof of the boundedness of the Calderon commutator, fulfilling 
a program of study of Calderon [1]. It was further extended in work of the author and 
Grafakos [8, 9, 14], in the study of the disc as a bilinear multiplier. Muscalu, Tao and 
Thiele [16, 15, 17] gave alternate proofs (and more general proofs) of these results in the 
multilinear operator setting. 

In this paper, we continue this line of study, considering certain uniform estimates 
that are motivated by an analysis of a blinear Hilbert transform along polynomial curves. 
Namely, consider the operators 

f°° dy 
(1-1) (f,g) — >P-v. / f(x-y)g(x-p(y))—, 

for some polynomial p{y). The study of these operators leads to subtle questions in multi- 
linear analysis, stationary phase methods, and paraproducts. An initial investigation into 
operators of this type is given in [6], where the polynomial is taken to be a square, and the 
singular kernel is mollified to e''*' ^ /\t\ for some (3 > 0. Without this modification, a sig- 
nificant difficulty might be encountered. There is a natural analogue of the bilinear Hilbert 
transform along parabolas in the ergodic theory setting, that is, the non-conventional er- 
godic average i J2n=o f(T n x)g(T n x). In [7], Furstenberg proved that the characteristic 
factor of the trilinear ergodic averages i ^2n=o f{T an )g(T bn )h(T cn ) for all a,b,c € Z is 
characteristic for the previous non-conventional ergodic average. We are indebted to M. 
Lacey for bringing these Furstenberg's theorems to our attention. Thus a possible method 
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for the bilinear Hilbert transform along a parabola is to understand the tri-linear Hilbert 
transform first. Unfortunately, it turns out the tri-linear Hilbert transform is very difficult 
to handle. It is very interesting to find a proof for the bilinear Hilbert transform along 
curves without using any information of the trilinear Hilbert transform. It might be possi- 
ble to obtain such a way by combining time-frequency analysis and the known results for 
the trilinear oscillatory integrals. This investigation will appear in another paper. 

The paraproducts that arise have a richer parametrization than what has been considered 
before. The question of uniform estimates is the main focus of this article. In the next 
section, a class of paraproducts are introduced. They are parametrized by 

• The width of the frequency window associated to the paraproducts, denoted by L\ 
and L 2 below. 

• The overlap of the frequency window associated to the paraproducts, denoted by 
Mi and M 2 below. 

• A modulation of the frequency window, denoted by the (lower case) parameters 
ni, ?i2, 2 m below. 

Prior results have concentrated on the uniformity of estimates with respect to M\, M 2 from 
L p x L q to U for r > 1 and L\ = L 2 [16]. The principal point of this article is to get 
the estimates for 1/2 < r < 1 and arbitrary L\,L 2 . Another new point of this article is 
the (weak) uniformity that we establish in L\,L 2 and the modulation parameters 2 m (see 
Theorem 2.2 below). This novelty is forced upon us by the stationary phase methods that 
one must use in the analysis of (1.1). One of anticipated applications of our theorems is the 
bilinear multiplier problems associated to the symbol defined by a characteristic function 
of a suitable domain with a smooth boundary. 

Acknowledgement The author would like to thank his wife, Helen, and his son, Justin, for 
being together through the hard times in the past two years. And he is also very thankful 
to Michael Lacey for his constant support and encouragement. 

2. Main Results 
Let j G Z, Li,L 2 be positive integers and M±,M 2 be integers. 

WlJ = [2 Llj+Ml /2,2 ■ 2 Llj+Ml ] 

and 

oj 2J = [-2 L2j+Ah ,2 L2j+M2 ] . 
Let $1 be a Schwartz function whose Fourier transform is a standard bump function sup- 
ported on [1/2, 2], and <3?2 be a Schwartz function such that $2 is a standard bump function 
supported on [—1, 1] and $2(0) = 1. For £ G {1,2} and ni,n 2 G Z, define <&£j >m by 




It is clear that &£j t n e is supported on ujgj. For locally integrable functions fg 7 s, we define 
fe,j's by 

fe,j,n t (x) = fe * ®e,j,n t (x) ■ 

We define a paraproduct to be 

2 

(2.1) n Ll 

j,n e [X ) ■ 

j&£=l 
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Another paraproduct we should introduce is the following. For I G {1,2}, let uj'^- denote 
the set {£ : 2 L ^ +K ' h /2 < |£| < 2 • 2 L « +Mf }. Let m be a nonnegative integer and define 
$i,j,m by 

Let fej t m be the function defined by 

h,j,mi X ) = ft * ®i,j,m{x) ■ 

We define a paraproduct to be 

2 

(2.2) n Ll 

jez l=i 

One reason we study these paraproducts is that one will encounter such paraproducts in 
the study of the bilinear Hilbert transforms along polynomial curves. We have the following 
uniform estimates for these paraproducts. 

Theorem 2.1. For any p\ > 1, P2 > 1 with l/p\ + l/p2 = l/ r ! there exists a constant C 
independent of Mi, M2, n\, ni such that 



(2.3) \\^-L 1 ,L 2 ,Ml,M2,n 1 ,n 2 (fi,f2)\\ r <c(i + \n 1 \) 10 (i + \n2\) 10 \\fi\\ pi \\h\ 
for all /1 G L Pl and f 2 G LP 2 . 



P2 1 



Theorem 2.2. Let IiL 1 ,L2,M 1 ,M 2 ,m(fi, $2) be the paraproduct defined by (2.2). Suppose that 
for all j, 

^2 4) 2 L2 i +M2 > 2 Ll i +Ml+m 

For any e > 0, p\ > 1, p% > 1 with l/pi + l/p2 = 1/r, there exists a constant C independent 
of m, Mi , M2 , L\ , L2 such that 

(2-5) ||nL 1) i 2| Mi ) M 2 ,m(/lj h)*\ r < C2 £m ||/i|| pi ||/ 2 || p2 , 

for all /1 G L Pl and f 2 G L P2 . 

The case when L\ = L2 and r > 1 was proved in [16] . The constant C in Theorem 2.1 may 
depend on L\, It is easy to see by the following argument that C is 0(max{2 Ll , 2 L2 }). 
It is possible to get a much better upper bound such as 0(log(l + max{L2/£i, L1/L2})) 
by tracking the constants carefully in the proof we will provide. But we do not pursue the 
sharp constant in this article. The independence of M\,M2 is the most important issue. 
In Sections 3, 4, we give a proof for Theorem 2.1. The proof of Theorem 2.2 will be given 
in Section 5. By using Theorem 2.1, we get the U bound for Uli.^MiMz,™ with a oper- 
ator norm O(2 10m ). Unfortunately sometimes this is not enough for our application. The 
desired norm is 0(2 £rn ) for a very small positive number e. It might be possible to remove 
the condition (2.4) or get the uniform estimate for HLi,L 2 ,M!,M2,m in which the operator 
norm is independent of m. The uniform estimate from L 2 x L 2 to L 1 is trivial and (2.4) is 
redundant for this case. In Section 5, we see that the uniform estimates for H^^Mi^,™, 
can be achieved for pi,p2 > 2 and 1 < r < 2 (see Proposition 5.1) and (2.4) is superfluous 
for Theorem 2.2 when p\,p2 > 2 and 1 < r < 2 (see Corollary 5.1). 



■1 



XIAOCHUN LI 



3. A Telescoping Argument 

We now start to prove Theorem 2.1. To prove Theorem 2.1, we first introduce a definition 
of admissible trilinear form. And we should show that by a telescoping argument used in 
[8, 23], we can reduce the problem to estimates for an admissible trilinear form. And thus 
II estimates for r > 1 can be obtained by Littlewood-Paley theorem. The r < 1 case is 
more complicated. We have to use the time frequency analysis to deal with this case in 
Section 4. 

Definition 3.1. An admissible trilinear form is a trilinear form 

f 3 

(3-1) Ai 1) L 2j Mi,M 2 ,ni ) na(/l> hi h) = /,\\ fi,j,n e (x)dx , 

•* jeze=i 

where n% = 0, fij,n e = ft* &£,j,n e an d ®e,j,n e is a function whose Fourier transform is 
supported on ugj such that 

(1) Each u£ j is an interval in R such that the distance from the origin to the interval 
is not more than 3\ojgj\. And {&e t j}j forms a sequence of lacunary intervals, that 
is, \u)ij\/\oj£j + i\ < 1/2 for all j G Z. Moreover, \&3j\ > Cmax{|u)ij|, |u>2j|} for 
some constant C independent of Mi, M2,ni,ri2- 

(2) There are at least two indices i G {1,2,3} such that &e.j t n e satisfies 

(3-2) Cj^(0) = 



(3.3) 



< C N (l + \n e \) a 



for all£ 6R and all nonnegative integers a, N . If an index in {1, 2, 3} satisfies (3.2) 
and (3.3), we call the index a good index in the trilinear form Ai 1) L 2j Mi,M 2 ,ni,n2 i 
For the index which is not a good index, we call it a bad index in the trilinear form 

A~Li > L2,Mi > M2,ni > n2 ■ 

(3) If i S {2,3} is a bad index, then ^£ t j >ne satisfies (3.3). Moreover, among the other 
two good indices £' ^ i, at least one of them satisfies < C min{|cDij|, \u>2j\j l^3j'|} 
for some constant C independent of fx, f2, /3, M\, M2, n\, ri2- 

(4) If 1 is a bad index, then ^ij>i satisfies 

m'(j) 

(3-4) *ij,m(aO = Yl ^d+k.mix), 

where m'(j) is some nonnegative integer. 
Lemma 3.1. Let fa be a locally integrable function. Then 

n-L 1 ,L 2 ,M 1 ,M2,ni,n 2 (flih)(x)h(x)dx 



is a sum of finitely many admissible trilinear forms such that the number of admissible 
trilinear forms in the sum is no more than a constant C independent of M\, M2, n\, ri2- 

Proof. For i G {1,2}, write ugj as [aij,bij]. If &2,j < &i,j/16, then \u>2,j\ < \u>ij\/6 and 
the distance from uij + U)2A to the origin is not less than |u;ij|/4. In this case, simply 
let 0)3 j be a small neighborhood of — (a>i , + UJ2 j) and the Fourier transform of $3 » is a 
suitable bump function adapted to &3j, then we have the desired lemma. Thus we now 
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only consider the case b 2t j > bxj/16. Let uj^j be [— 186 2 ,j, 186 2 j]. And $3^ be a Schwartz 
function such that its Fourier transform is a bump function adapted to u^j and 3>3,i(£) = 1 
for all £ £ [-176 2 j, 176 2 j]- Then 



3 

n(/i,/ 2 )(a;)/3(x)dx = J ^2l[ftj t n t (x)A 



jezi=i 



where f3,j,n 3 ( x ) = * ^3j( x ) an d n% = 0. Let $2 be a Schwartz function such that $2 

is a bump function on [—1,1] and 3> 2 (£) = 1 f° r an £ £ [ — 3/4, 3/4]. And define $2j by 

^ > 2j(C) = &2(£/b 2 ,j)- Let /2J = / * < ^2,j- We also denote /3j> 3 by /3J. We can replace 
/ 2 ,j,n2 by / 2 ,j because 



IX 

J"€~ 

is an admissible trilinear form. Hence the only thing we need to show is that 



A'(/i,/2,/3) = y ^2fe,j,m( x )hi( x )hj( x ) da 



IX 

is admissible. For any real number x, let [x] denote the largest integer not exceeding x. 
Let to(j') be the integer defined by 

-(L 2 j + M 2 )-(L 1 i + Af 1 )+6 1 



(J) = [" 



£2 

By b 2 j > &i,j/16, we see that m(j) > 0. By a telescoping argument, A'(/i, / 2 , /s) equals to 
/ ^ hj,m( x ) ^2 [ h,j-k(x)f 3 ,j-k(x) - f 2 ,j-k-i{x)h,j-k-i{x) J dx , 



since J fi,j,n 1 (x)f 2 j_ m ^_i(x)f 3 j_ m ^_i(x)dx = due to the following simple fact on the 
support of Fourier transform of each function in the integrand, i.e., 

supp/ij, ni + supp/ 2 ,j- m (j)-i^ n f - (supp/3 )i _ m(i) _ 1 )"j = 0. 

By a change of variables J — > J + k, we have that A'(/i, / 2 , fs) is equal to 

f m ' 0) f \ 

/ij4-*,tu( x )( h,ji x )h,j( x ) ~ f2,j-i(x)f3,j-i(x)jdx, 

where m'(j) is the integer defined by 

JL 2 j + M 2 ) - (Lu' + Mi) + 6 1 

m u) = [ ^ ' 

We write this integral as a sum of three parts Ai , A 2 , A3 , where 

f f m ' U) \ 
Ai = / ( /iJ+k.niO'O )/2j(»)(/3,i(a:) - /sj-i(a;))da:, 
jez ^ fc=o ' 
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A 2 = / ^2 ( Y hl+k.n^x) J {f2,j(x) - f 2 ,j-l(x)) (/ 3j _l(x) - f 3 j- 8 {x))dx , 

J jez ^ k=o ' 

[ f m ' u) \ 

A 3 = / [ ^2 f^J+k,n 1 (x)j(f2,j(x) ~ f 2 ,j-l(x))f 3 ,j-8(x)da 



j£Z y k=0 

j£Z v k=0 

It is clear that A2 is an admissible trilinear form. Write Ai as An + A12, where 

.m'(j) 



A ll = / ^2 ( fhJ+k,ni{x))(f2,j(x) - f 2 ,j-i(x))(f 3J {x) - f 3 j-i(x))dx, 

J jez ^ k=o ' 

A 12 = / ^2 ( Y hj+k,ni(x) jh,j-l(x)(f 3 ,j(x) - f 3 j-i(x))dx, 
J j£Z ^ k=0 ' 

Clearly, An is an admissible trilinear form. Notice that 

m'(j)-10-[L 2 /Zi] . 

suppf Kj+Kn, ) C [0, 2- 2 2 L ^+ M2 ] = [0, 2- 2 2- i2 6 2J ] , 

^ fc=0 ' 

and 

supp(/ 3 ,i - fsj-i) C [-I862J, 186 2ij ]\[-16 • 2- L2 6 2J , 16 • 2~ L2 b 2J ] . 
Thus A12 is equal to 

l^2[ X] h,j+k,m (x) J h,j-i, n2 (x) {h,j,m (x) - f 3 ,j-i, n3 (x))dx , 



•fe=m'(i)-10-[i 2 /ii] 

which is obviously a finite sum of admissible trilinear forms. As for A3, observe that 

/ m'(j)-100-[L 2 /L 1 ] 

supp £ f ld+k , ni C [0, 2- 80 2^' + ^] = [0, 2- 80 2-^6 2j ] , 

^ fc=0 ' 

and 

supp(/ 2J - / 2j _i) C [-6 2 , i ,&2,i]\[-2- L2 - 1 62 J ,2- i2 - 1 6 2j ] • 
Thus A3 is equal to 

f ( m ' U) \ 

/ £ ( Yl h,j+k, ni (x) J (f 2J - f 2 j- 1 (x))f 3J - 8 (x)dx , 

** Ac's V 7, — m /r-\ 1 nn r r _ / r . 1 / 



-k=m'(j)-100-[L 2 /L 1 ] 

which is a finite sum of admissible trilinear forms. □ 

Lemma 3.2. Let A^ 1 l 2 m 1 ,m 2 m m be an admissible trilinear form. Then for any real 
numbers pi,p 2 ,p 3 > 1 with 1/pi + l/p 2 + l/p 3 = 1, there exists C independent of Mi, M 2 , 
n\, n 2 such that 

(3.5) |A Ll 

,L2,Mi,M2,ni,n2 (/l,/2,/3)| < C(l + jni|) 10 (l + \n 2 \) W \\fi\\ pi \\f 2 \\ p2 \\f 3 \\ p:i , 
for all /1 G L Pl , / 2 G L P2 and f 3 G L P3 . 
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Proof. If there is no bad index in the trilinear form, take £q to be any integer in {1, 2, 3}. 
Otherwise, let Iq be a bad index. Applying Cauchy-Schwarz inequality, ,L 2 ,Mi,M2,ni,n2 
is dominated by 



/ sup|/, oJ | ] [ ( ^|/^> £ | 2 ) 



1/2 



Using Holder inequality, we dominate the trilinear form by 



sup \h ,j,m 



11 (D/y 

Pi ^ 



1/2 



Pi 



The Littlewood-Paley theorem yields that for £ ^ £q 



1/2 



<C7(l + |n,|) 10 ||/, 



i\\Pi 



PC 



If £q € {2,3}, then by (3.3), we have 



sup < (l + |n, (J | iU )M(/, ), 

which clearly yields the lemma. We now only need to consider the case £q 
to prove that 

m'(j) 

(3.6) 



1. It suffices 



sup 

j 



h* $lj+fc,ni 



fc=0 



^cu + lml 10 )!!/ 



i iipi 



pi 



Notice that uJij's are essentailly disjoint intervals and Fourier transform of X^fcLo ^ij+fc^i 
is supported on a bounded interval depending on j. The left hand side of (3.6) is less than 

C\\M(J2fi*$i,j,m) 



i pi 



It is easy to verify that ^ ■ /i * ^i ,j,m is a bounded operator on L 2 associated to a standard 
Calderon-Zygmund kernel by paying at most a cost of (1 + |ni| 10 ) in the corresponding 
estimates. Thus by a standard Calderon-Zygmund argument, we have for any real number 
p > 1, there is a constant C independent of Mi,M2,rai,n2 such that 



|| <C(1 + 



in 



holds for all / € L p , which yields (3.6). Therefore we complete the proof of the lemma. □ 

Combining Lemma 3.1 and Lemma 3.2, we obtain (2.3) for pi,P2,r > 1. To finish the 
proof of Theorem 2.1, we need to provide a proof of L r estimate with 1/2 < r < 1 for (2.3), 
which will be given in Section 4. 

4. Time Frequency Analysis 

In this section we prove (2.3) with 1/2 < r < 1 for the paraproducts by time frequency 
analysis, which was used for establishing LP (uniform) estimates for the bilinear Hilbert 
transforms in [9, 12, 13, 14, 15, 16, 17, 23]. 

Let F be a measurable set in K. X(F) denotes the set of all measurable functions 
supported on F such that the L°° norms of the functions are no more than 1. A function 
in X{F) can be considered essentially as the characteristic function lp. 
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To obtain Theorem 2.1, by Lemma 3.2, an interpolation argument in [15], and the scaling 
invariance, it is sufficient to prove that for any pi,p2 > 1 such that l/pi + l/p 2 > 1 and any 
measurable set F 3 C IR with IF3I = 1, there exists a subset C F 3 such that I-F3I > 1/2 
and 



(4.1) 



J nL 1 ,L 2 ,Mi,M 2 ,n 1 ,n 2 (/l, f 2 ){x) f 3 {x)dx 



< C(l + |ni|) 10 (l + |n 2 |) 10 |Fir /pi l^2| 1/p2 



holds for all f\ G X(Fi),f2 G X(F2),f 3 G X(F^), where C is a constant independent of 

/i,/2,/3, Mi,M 2 ,ni,n 2 . 

If 2 L 2j+M 2 < 2 L d+Mi / 8) let = [_ 19 . 2 iii+Mi / g) _ 2 Lij+Ah / 8 ] and $ 3J be a Schwartz 

function whose Fourier transform is a bump function adapted to u 3 j such that 3?3,j(£) = 1 
for all £ G [-9 • 2 L "' +Ml /4, -2 ilJ ' +Ml /4]. If 2 L « +M2 > 2^+^/8, let cj 3j = [-18 • 
2 L 2j+M 2 ^ ig . 2 L 2j+ M 2 ] anc l $ 3 . b e a Schwartz function whose Fourier transform is a bump 

function adapted to w 3J such that $ 3 j(f) = 1 for all £ 6 [-17 ■ 2 L ^ +Ah , 17 • 2 L «'+ M2 ]. Let 
n 3 = 0, $3,j,n 3 = *3,i, f3,j,n 3 (x) = f 3 * $ 3 j >n3 (x). Define a trilinear form A Ll)L2iMl ,M2,n u n 2 
by 

3 

( 4 - 2 ) Ai 1)L2i Mi,M 2 ,ni,n 2 (/l,/2,/3) = / JJ fe,j,n e (x)dx . 

J jeze=i 

Clearly k LlM ^ Ml M^n x ,n 2 = J 'H-L 1 ,L2,Mi,M2,ni,na(fl, h)(x)f 3 (x)dx. Thus to prove (4.1), it 
suffices to prove the following lemma. 

Lemma 4.1. Letpi,p2 > 1 such that l/p\ + l/p 2 > 1 and A£ lj £, 2) Mi,M2,rw.,ri2 ^ e ^ e trilinear 
form defined by (4-2). Let F±,F2,F 3 be measurable sets in M. with \F 3 \ = 1. T/ien i/iere 
exists a subset F^ C F3 smc/i i/iai |-F 3 | > 1/2 and there exists a constant C independent of 
F\, F 2 , F 3 , fx, f 2 ,f 3 , Ml, M 2; ni,n 2 such that 

(4.3) lA^M^m.n^/i,^,^)! < C(l + hi|) 10 (l + Inal) 10 !^! 1 /^!^! 1 ^ 2 

holds for all h G X(F 1 ),f 2 G X(F 2 ), / 3 G X(F%). 

Lemma 4.1 and Lemma 3.2 implies the estimates (2.3) by an interpolation argument in 
[15]. Therefore we obtain Theorem 2.1 once we finish a proof of Lemma 4.1. The following 
subsections are devoted to proof of Lemma 4.1. 

4.1. Definitions. To prove Lemma 4.1, we introduce some definitions first. Let ip be a 
nonnegative Schwartz function such that tp is supported in [—1/100,1/100] and satisfies 
$(0) = 1. Let if> k (x) = 2 k ip{2 k x) for any k G Z. For j G Z and I G {1,2,3}, define fc# to 
be an integer such that ~ 2 k ^ e . Denote min^ 6 r 1)2j3 } kjg by kj. And define 

4,,n = [2- fcj n,2-^(n + l)]. 



Define 



It is easy to see that 

f * 3 

AL 1 ,L 2 ,M 1 ,M 2 ,n 1 ,n 2 (/l,/2,/3)= / J-ln^) JI h,j,n t (x)dx . 
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For an integer 7 with < 7 < 2 100 , let 2^(7) be the set of all integers congruent to 7 modulo 
2 100 . For S C Z( 7 ) x Z we define 

3 

(4-4) As(/i,/ 2 ,/ 3 )= / E ^(^n^."^^' 

(j,n)eS £=1 

Ag depends on Li,L 2 ,Mi,Mi,m,n2- We suppress this dependence for notational con- 
venience. Note that there are finite congruence classes modulo 2 100 . We will therefore 
concentrate on proving Lemma 4.1 for the trilinear form Ag. 

In time-frequency space, each function fgj >n for I G {1, 2, 3} corresponds to a box It^n x 
W£ j . The most difficult situation is when only one of boxes is the Heisenberg box, i.e., 
|ifcj,n||u^j| ~ 1. In this situation, we can use the Jolm-Nirenberg type argument to get 
the equivalence of L p estimates of Littlewood-Paley type square functions for only one of 
functions. For other two functions, there is no such an equivalence and an extra cost for it 
has to been paid if one estimates the BMO norm. It turns out that the LP equivalence for 
at least one of three functions is the most crucial key to solve the problem. Our proof will 
heavily rely on this equivalence for one of functions. 

Let p be a positive number close to 1. To obtain the Lemma 4.1, it suffices to prove 
(4.3) for pi > p, p 2 > p and l/p\ + I/P2 > 1- For simplicity, we only deal with the case 
n\ = ri2 = TI3 = 0. The general case can be handled in the same way by paying at most a 
cost of (1 + |ni|) 10 (l + |tt-2 I ) 10 in the constants. 

We now start to prove that for n\ = ri2 = 0, any 1 < p < 2 and any measurable set F3 
with \F^\ = 1 in R, there exists a subset of F3 with \F%\ > 1/2 such that 

(4.5) |As(/i,/ 2 ,/ 3 )| <C|^i| 1/pi |^| 1/p2 

holds for all pi > p,p 2 > p with l/ Pl + l/p 2 > 1, /1 € X(F 1 ),f 2 G X(F 2 ),f 3 G X(F^), 
where the constant C is independent of S, F\, F2, F3, fi, f 2 , fz, Mi, M2. Let us introduce 
some definitions first. 

Definition 4.1. Let p > 1. Define the exceptional set £1 by 

3 

(4.6) Q = (J {x G M : M p (Ml Ff ){x) > C \F e \ 1/p } 

1=1 

where Mf is the Hardy- Littlewood maximal function of f and M p f equals to (M(|/| p )) 1 ^ p . 

By this definition, for the measurable set -F3 with |i*3| = 1, we take F^ = F%\£l. If Cq is 
chosen sufficiently large we see that I-F3I > 1^1/2. 

Definition 4.2. Given S C ^(7) x Z and s = (J,n) G S. Let k s = min^ e /i 2 ) 3}{fej^}. The 
dyadic interval [2~ ks n, 2~ ks (n + 1)] is called the time interval of s. We denote it by L s . 

Definition 4.3. Let S be a subset ofZ{^j) x Z. We say that S is a convex set in Z(7) x Z 
if for any s G 2(7) x Z with L Sl C I s C L S2 for some s\,s 2 G S, we have s G S. 

Definition 4.4. Let T C S. Lf there is t G T such that L s C L t holds for all s G T, then T 
is called a tree with top t. T is called a maximal tree with top t in S if there does not exist 
a larger tree in S with the same top strictly containing T. 

Definition 4.5. Let T be a tree in S. Define scl(T) the set of scale indices o/T by 

scl(T) = {j G Z : 3n G Z, s. t. (j, n) G T} . 
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For j G scl(T), the j-th shadow ofT is defined by 

Sh i (T) = U{/ s : S = (j»GT}. 
Define an approximation o/lghj(T) by 

1 Sh J (T)( 2; ) = ish^T) * Ipk.ix) . 

Definition 4.6. Let (j, n) = s G S and I G {1, 2, 3}. And let 



2 k i 



Define a semi-norm \\fg\\j n by 



— ha i ** 



(4-7) H/fll^n _ \\M\s ~ \j\l/ p \\lj,nft,3,nt\\p+ i Jll/p ^^j^f^jmWp 

where Df^j^ ni is the derivative of fe,j,n £ - 
Define C(j,M,K) by 

(4.8) CO', M, K) = [ Ld + M^-M 2 -6 ] + M + K , 

where L = 2 100 , K is an integer between — 10L and 10L and M is an integer between and 
6L. For £ G {2,3} ; we define a ( semi-norm \\fe\\j n ^ by 

( 4 - 9 ) ll-^llj.n.C = ll-^Hi." + THl/p (W^-TnUttiMwWp + \\\ I s\ 1 j*n D fl,C(J,M,K),o\\p) • 

For I = 1, let the C semi-norm II fi . > = m • • 
; ' II J x II ],n,Q 1 1 J 1 1 j,n 

Definition 4.7. Let T C S be a tree and t = (j't^t) G T be the top ofT. Denote by It 
the time interval of the top of tree T. 

(a) In the case |a; 2 ,j| < |^i,j|/6 for all j G scl(T), define A|(T) /or £ G {1,3} fry 

/ \ 1/2 

(4-10) AJ(T)(a:)=( £ \l**J iJm (x)\ 2 ) . 

For i = 2, define 
(4.H) A;(T)(x) = |l*; >nT / 2jT , n ,(x)|. 

And in this case, for £ 6 {1,2,3}, define the £-size ofT by 

( 4 - 12 ) si ^( T )=|]^l|AKT)|| ?) + ||/,|| jTinT . 



(b) In the case |k>2,j| > |k>ij[/6 /or a// j G scl(T), /or i = 2, 3, Zei /fj,T = /f,j,o */ 
j G scl(T) and f edtT = «/j £ scl(T). De/irae the A*(T) to 6e 



/ \ 1/2 / \ 1/2 

(4.13) ( £ |1*;(/^T-/^L,T)(X)| 2 ) +( Yl Kn{hj,n e -h 3 ,0)(x)\ 2 ) 
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And define A|(T) by 

(4-14) Al(T)(x) = ( l^nhlnM 2 ) 1 2 ■ 

In i/ws case, for £ £ {1,2,3}, define the l-size of T 6?/ 
(4-15) size,(T) = ^||A|(T)|| p + ||/,||. T)nT)C . 

Let P be a subset ofS. Define the l-size* o/P by 

(4.16) size^(P) = sup size £ (T) , 

TTcP 

where T ranges over all trees in P. 

In £/ie definition of lj^, we can replace the exponent 200 fry a larger number 2 100 to 
define a new function. We denote this function by lj n - If lj* n is replaced by 1*- n in the 
definition of A^(T), we denote the corresponding function by A^(T). 

Definition 4.8. Let S be a subset ofL{^) x Z. Suppose that S is a union of trees T € T . 
Define count (S) by 

(4.17) count(S) = I J t| • 

4.2. Reduction. Let S be a subset of 2^(7) x 7L. For f2 denned in (4.6), we define 

(4.18) S(fi) = {sGS:/40). 

The following lemma indicates that we only need to seek the upper bound for the trilinear 
form A s( n). 

Lemma 4.2. Let n x = n 2 = and f 3 € X(F^). For all functions fi € X(Fi), f 2 € X{F 2 ), 
the following inequality holds. 

(4.19) |As(/ 1 ,/ 2 ,/3)-A s(n) (/ 1 ,/ 2 ,/ 3 )| <Cmin{l,|F 1 | 1 /P}min{l,|F 2 | 1 /P}, 
where C is a constant independent ofS, F\, F 2 , F3, fx, f 2 , fz,Mi,M 2 . 

Proof. Notice that if s = (J,n) G S(f2) c , then I s C f2. Let Si(f2) be defined by 

S L (f2) = {s£ S(f2) c : 2 L I S C 0, but 2 L+1 / S £ 0} . 

We see that S(f2) c = U^LqSl^). Let Jl be the set of all time intervals J s 's for s € Sz,(f2). 
It is easy to see that Jl is a collection of disjoint intervals and Yljej L \ J\ — 1^1 < 1- Hence, 
it suffices to show that for any J € Jl and any (J,n) = s£ Sz,(f2) such that I s = J, we 
have 



(4.20) 



/ lin( x )Hfow( x ) dx <C2- L mm{l,\F 1 \ 1 /P}min{l,\F 2 \ 1 /P}\J\, 



where C is a constant independent of /1, /2, /3, Mi, M 2 , since (4.19) follows by summing all 
L's and J's together. 

We now prove (4.20). Since F3 = F^\Q and f 3 € X(Fg), we get for any (j, n) € S and 
any positive integer N, 

(4-21) \l* >n {x)h,j,n e ix)\ < ———— ^3^/-. , ofc I ~, 0c nn3AT • 

(1 + 2 fc jdist(x, 7 S )J (1 + 2 fe ^dist(x, fi c )) 
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Clearly we have for t € {1,2} and (j, n) 6 S, 

J (1 + 2 k ^\x - y|) 

By the definition of 0, we have for i € {1, 2} and (j, n) £ S, 

(4.23) \ftj,n t {x)\ < CWmin{l, \F,\ 1 Ip) (l + 2^dist(x, C )) 2 . 

Thus (4.21), (4.23) and the fact 2 k ^ ~ 2 max ^> yield that the left hand side of (4.20) is 
no more than 

2 

C N 2- LN Hmin{l,\F e \^}\J\ 

for any positive integer N > 2, which is the desired estimate. □ 

Hence, to prove (4.5), we only need to prove the following lemma for Ag(Q). The details 
of the proof of Lemma 4.3 will be given in the next few subsections. 

Lemma 4.3. Let ri\ = n,2 = 0, 1 < p < 2, F% C M, and S(f2) be the set defined in (4-18) 
and Fg = F\Q. For all p%,P2 > P with 1/pi + l/p2 > 1, and all functions f\ € X(F\), 
f2 € X(F 2 ), /3 6 X^g), i/ie following inequality holds. 

(4.24) |As(n)(/i,/2,/ 3 )| < ClF^m 1 ^ , 
where C is a constant independent ofS, F\, F2, F%, /1, /2, fs, M\, M2. 

4.3. Principle Lemmas. We now state some lemmata which will be used in proof of 
Lemma 4.3. 

Lemma 4.4. Let 1 < q < 00, I € {1,2,3} and T be a tree in S. Then 

(4.25) ||A?(T)|I < C inf M 9 (M^)(x)|/ T | 1/9 , 

(4.26) size^(T) < C inf M p (Mf e )(x) , 

where C is a constant independent of fi,T, S, Mi,M2. 

Proof. (4.25) is a consequence of the following L q estimates of A^(T). 

(4-27) ||A|(T)|| 9 <C||/,|| 9 . 

In fact, one can decompose fi into fel2i T and fel(2i T ) c - For the first function, apply (4.27) 
to get the desired estimates. For the second function, the desired estimates follow by the 
fast decay due to A|(T) is essentially supported on J-r- 

Note that we consider only the case ng = 0. For ng 7^ 0, the following argument still 
works if one changes the constant C to C(l + |?^|) 5 . We only give the details for the case 
l w 2j| < l Cl -'i,jl/2 and I £ {1, 3} since other cases can be done in the same way. In this case, 
we have 

1/2 



AJ(T)(x) = ( Y, \^nk4Mf] 
Notice that A|(T)(x) is dominated by 



0»GT 

1/2 
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where fe,j,o is defined by fejfl = fi^e,j,o- Note that ^e,j,o is supported on ugj and w^j's 
are disjoint. Thus the Littlewood-Paley theorem then yields the L q estimates (4.27). To 
get (4.25), it suffices to show that 

K out (T)|| < C inf M q (Mf e Xx)\I T \ 1/q , 



where A| out (T) is defined by 
AJ out (T)(x) = 



£ |i*;(x)((/i (2/t)c )*^, )(= 

C?»eT 



1/2 



By the definition of lj* n and $£,j,0) we have that for any positive integer N, 



\l** n (x){(fl {2lT) c)*^ jfi )(x)\ < 



which is clearly dominated by 



Cn 



1 + 2 fc jdist(x,/ s )) 100 J(2l T )° (1 + 2 k J'\x - y\) 



\h{y)\^ 



CMf e (x) 



dy. 



(1 + 2^dist(x,I s )) 50 (l + 2^dist(/ s , (2/ T ) c )) 



50 



Thus for s € T, 



|irn((/l(Mr)0**«,o)| 



< 



CI/, 



19 (1 + 2 fc J dist(/„ (2/ T ) c )) 259 ' xeJ T 
By triangle inequality, we obtain that 



inf M q {Mfi)(x)) q . 



CI/J 1 /' 



^ inf M q (Mf e )(x), 

- ^ (1 + |/.|-idist(7„ (2/ T ) c )) 25 ' 



CMfi 



, JV 



which yields the desired estimate (4.25). Notice that 

l|li T ,n T /«,jT,nJ p + || 2 ^^'T^T-^/^'T.nJp < 

T + |It| i dist(-,/ T )J 

which is clearly dominated by infa; g / T M p (M/£)(x)j/T| 1 ^ ?3 - Therefore we obtain (4.26). □ 

Lemma 4.5. Suppose that s = (j,n) 6 S. 
// 2 fc ^ ~ 2 k i , then 



(4.28) 



ZioWs /or I E {1,2,3}, where C is a constant independent of s,f£,ng. 
If2 k ^ ~ 2 fc J, t/ien 

( 4 ' 29 ) ll^n^CO'.A/^J.nJL < C||/4 J>)C 

holds for t G {2,3}, where £(j,M,K) is defined in Definition 4-6 and C is a constant 
independent of s, fg, m, C, M, K . 



Proof. We only prove (4.28) since (4.29) essentially is a consequence of (4.28). Let \i 
\\fe\\ ■ • By the definition of the semi- norm, we have 

II 1 1 j.n 

(4-30) \\^nkj,n e \\ p + \\Wj%Dh d , n ,\\ p < M|/ s | 1/p - 
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First we prove the BMO estimate for the function, that is 

( 4 - 31 ) W^nf^hntWBMO - 

If \I a \ < \J\, by (4.30) we have 

™ f / \^*rX X )fi,3,ni^ X ) ~ C \ dx - \\ 1 TJ^hn e \\ p \J\ 1 ' 1 ' < V\h \ * {J^* < lA J \ • 

If > | J\, by (4.30) we obtain that 

inf /" \l** n (x)ftj tne (x) - c\dx 

dx 

< \J\ J | (l** n )'(x)f^ ni (x)\dx + \J\ J \l% n (x)Df ej , nt (x)\dx 

< ciJii/.i^iii-z^iyji 1 -^ + iJiHi^D/^igji 1 ^ 

< C^IJI 2 "^/,^" 1 < Cfi\J\. 

Thus we get the BMO estimate (4.31). Interpolating (4.31) and (4.30), we have for any 
p < q < oo, 

||i*;/^ll,<^l^l 1/9 - 

Notice that an integration by parts and Holder inequality yield that 



< \j\J j ( >.•;./..,.,. )Vi 



Hi** f <~ Hi** f ii^'^ii^i** f ^ 

where l/p + 1/p' = 1. Hence the desired estimate (4.28) follows by (4.30) and LP' estimates 
for the functions. □ 

Lemma 4.6. Suppose that 2 k i l ~ 2 k j holds for all (j,n) € S. Then for any tree T in S, 
we have 

(4.32) || A H T )|| BAIO < Csize|(T) , 

where C is a constant independent of T, S, L\, L2, Mi, M2, fe, ni. 

Proof. We only give the a proof for £ = 1. Other cases can be handled in the same way. Let 
[i = size^S). Let J be a dyadic interval and Tj = {s £ T : I s C J}. We then dominate 
inf c Jj |A^(T)(x) — c\dx by a sum of the following three parts. 

1/2 



i'II 1 / 2 



J ( Yl m,n( x )kjm( x )\ 2 ') d: 



' sGT\Tj 

\ls\<\j\ 



and 



' sGT\Tj 

\ls\>\j\ 



1/2 



dx . 
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The first part is clearly dominated by fx\J\ because of the Holder inequality and the fact 
that [i is the ^-size* of S. 

Since p < 2 we estimate the second part by 



^! \lj,nftj,nt | J 



1/2 



seT\Tj 

\h\<\J 



< ( £ KfJuAw) 



LP(J) 

1/p 



< 



< 



C\\l™h, jm \\ P p \Vp 



sgT\Tj 
|/ S |<|J| 

y 

sgT\T / (l + |^|- 1 dist(J,/ s )) 

IJ«I<I-JI 



C|/ s 



100 



J \J\ p 



y — 

^ T/ (l + |/ s |-Mist(J,/ s )) 

\Is\<\J\ 



100 



1/p 



< C/i|J|. 



The third part is estimated by 



' sGT\Tj 
\h\>\J\ 



1/2 



2 n 1/2 



dx) |J|V 2 



< 



< 



seT\Tj 

IJ.I>IJI 



seT\Tj 

l/.l>IJI 



\ 1/2 
dx) |J|V3 



\ 1/2 

dx) |J| 



which is dominated by a sum of the following two terms, 

Ri = c (l £ i/ s r%y*)/^,n>)| 2 dx) 7 iji, 



seT\T. ; 

l'.l>IJI 



and 



R 2 = C ( j £ |iln(^)/^n,(x)||l*Jx)Z?/^(x)|dx) 7 |J|, 



seT\T, 7 

l/„l>IJI 

By Lemma 4.5, we see that for any q > p, 



\l*%kj,n t \\ <C»\I T \V«. 
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Thus, by Holder inequality, the first term R\ is estimated by 

( VsY 1 2 \ 1/2 

^sGT\Tj I 1 + 1^1 i dlSt(J,i a )) / 

W>|J| 

/ ^ 1/ I-^IJI 1 / 2 \ 1/2 

V s€T\Tj i 1 + Ks| i dlSt(J,i s )j / 

\h\>\J\ 

and the second term R2 is estimated by 



^( II ^J>™^'J , ' n ^ILp'(J) II ^-j,nDfe,j,n e || p j I 



■seT\Tj 



1 1.1 1 

17 Ip 1** fe ■ I 7|p'(p'+D \ 1/2 



< C M V T — — inn l J l 



s6 T\T., (1+ |/,h 1 dist(J,I,)) 
|/ S |>|J 



1/2 



/ |/ s | p'(p'+i) |j|p'( p '+i) 

" C '\nT, (i + l/shMist^,/,)) 100 ; |J| - C/i|J| ' 

l/ s l>IJI 

This completes the proof of (4.32). □ 

The principal lemma is the following organization lemma. 

Lemma 4.7. Let I £ {1,2,3} and S be a subset ofZ(j) x Z. S can 6e partitioned to two 
parts Si and S2 suc/t i/iaf Si is a union of maximal trees with 

(4.33) count(Si) < C(size^(S))" p |F £ | , 
and 

(4.34) size;(S 2 ) < ^size|(S), 
where C is a constant independent of S, M\, M2, fe, Fg. 

Proof. Let T§ be the set of all trees T C S such that size^(T) > size|(S)/2. Recall that 
It is the time interval for the top of T. Let X denote the collection of all possible It's for 
trees T G Tq. Initially, set Si := 0, X stoc k := X, and S st0 ck := S. Take a longest interval J 
in X stoc k. By the defintion of X, there must be a tree T 6 !Fq whose top is J. Let T be the 
maximal tree in S s tock with the top J. Obviously size^(T) > size^(S)/2. We remove this 
maximal tree from S sto ck- Update S sto ck := S sto ck\T, Si := Si U T, and 

Xstock := Istock\{I £ Istock : I ^ J} . 

Repeat this procedure until X stoc k = 0. Clearly when this process terminates, Si is a union 
of a trees T's and Ip's are disjoint due to the maximality of trees. By (4.26) and the size 
condition on T, we have 

inf M p (Mfe)(x) > sizeJ(S)/2, 
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which implies that 

U J t C {x G M : M p (Mf e )(x) > size|(S)/2} . 
f 

Thus the disjointness property of and (weak) L q estimates for 1 < q < oo of Hardy- 
Littlewood maximal functions yield (4.33). Let S2 = S\Si. Clearly S2 satisfies (4.34). 
Therefore we complete the proof of Lemma 4.7. □ 

4.4. The size estimate for a tree. Let S be a convex subset of 2^(7) xZ. By the definition 
of S(0) in (4.18), it is clear that S(0) is convex. Partition S(f2) into two subsets S^ 1 -* (Q) 
and S( 2) (0), where 

(4.35) S (1) (ft) = {(j,n) G S(fi) : Kj| < Kj|/6} 

(4.36) S^(Q) = {0» G S(0) : \u 2 ,j\ > \u>ij\/6} ■ 

For any (j,n) G S^^fi), ^2 = kj by the definition of kj. And for any (j,n) G S^ 2 ^(Q), 
Lemma 4.8. For k G {1,2}, S( K )(0) is convex. 

Proof. We only prove the lemma for k = 2. One can prove the lemma for k = 1 similarly. 
Let si = (ii,ni),S2 = (j2 5 ^2) in S^(fi). And s = (j,n) G Z(7) x Z such that I S2 C 
^ ^si- By the convexity of S(f2) we get s G S(0). In order to get s G S( 2 )(r2), we 
need to show that \u)2,j\ > |^ij|/6. The simple case is the case 2 k j = \ojij\- In this case, 
|cjij 2 |/10 < < lOlwijJ, which implies 32 < j < j\. Since |w2,jil > l^ij'il/6 and 

1^2,^2 1 > I ^1,^2 1/6, the linearity of the function /(j) = [L\j + Mi) — {L23 + M2) yields that 
1^2 ,j I > ki,il/6- 

We now turn to another case 2 kj = \u>2,j\- Since I s is nested between I Sl and J S2 , we get 

1^1 J2 

1/10 < |w 2 j| < 10[ 

^ijil- The first half part of this inequality and the definition of kj 
imply J2 < j. And the second half part of the inequality and the fact (ji,rai) G S^ 2 ^(fi) 
yield j < j\. Thus we get \w 2j j\ > |wij|/6 by the linearity of the function /(j). Hence s 
must be in S^ 2 ^(0) in either case. This proves the lemma. □ 

Lemma 4.9. Let k G {1,2}, T be a convex tree in S^ K \Q) with the top t = (jt>^t) 
and dShj(T) be the boundary of the j-th shadow ofT. Let Card(<9Shj(T)) denote the 
cardinality of the boundary of the j-th shadow. Then 

(4.37) 2" fej Card(dSh j (T)) < C\I T \ , 
where C is a constant independent o/T. 

Proof. This lemma is similar to one technical lemma (Lemma 4.8) in [17]. We give a similar 
proof. Note that the j-th. shadow consists of finite disjoint intervals and its boundary thus 
contains all endpoints of the intervals. It is sufficient to consider only all left endpoints 
since the right endpoints can be handled in the same way. Let d[ e ft(Shj(T)) denote the 
collection of all left endpoints of the intervals in the j-th shadow. Let z G <9i c ft(Shj(T)) and 
Lj(z) = (z — 2~ k i , z — 2~ k i /2). To prove (4.37), it suffices to show that the intervals Ij(z)'s 
are disjoint for all possible j, z. Assume that there are j,j' G scl(T), z G (9i c ft(Shj(T)) and 
z' G <9i ft(Shj/(T)) such that (j, z) 7^ (j', z') and Ij(z)nLj/(z') 7^ 0. By the nesting property 
of dyadic intervals and the fact that z — 2~ k i is an endpoint of some dyadic intervals, we see 
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that j 7^ j'. Without loss of generality, suppose that j < j'. The fact that Ij(z) and Ij'(z') 
have nonempty intersection then implies z' € (z — 2~ k i , z) . Since z is a left endpoint of some 
intervals in the j-th shadow, z' can not be in Shj(T). However, the convexity of T yields 
that Shj/(T) C Shj(T). This is a contradiction. Therefore we obtain the lemma. □ 

Lemma 4.10. Let k G {1,2}, T be a convex tree in S( K )(f2) and At(/i,/2,/s) be defined 
by 

r 3 

(4.38) 



A T (/l,/2,/3)=E /il E ^n(^< 



lnSTj 

where Tj = {n £ Z : (j, n) € T} and i^j,™ defined by 

( 4 - 39 ) ^,j,n(a;) = lj,n(^)/Ai,^( 2; ) • 

Then we have 

(4.40) |A T (/i,/2,/ 3 ) " At(/i,/ 2 ,/ 3 )| < Csizet(T)size;(T)|/ T |, 

where C is a constant independent of T, S, /i, /2, f%. 
Proof. Observe that the difference [At — Ax| by 



E 

jGscl(T) 

which is dominated by 



L Sh,(T) 



T)( X ) 



L Shj(T); 



(X) 



[ \fe,j,n e i x )\ dx ■ 



E E 

jgscl(T) /: | 7 | = 2- fe j 

where 
(4.41) 

and 



1 Sh,(T)( x ) ~ ( 1 Sh,(T)) ( x ) ) (lsh,(T)( :r )) 



^■j,T{fuf2,h){x)dx, 



L Sh,(T) 



(X) 



2 kj 



Sh f (T) (1 + 2 2k 



1 \x 



y\ 2 ) 



21000 



dx 



n j ,T(/l,/ 2 ,/3)(x) = ni( i Sh J (T)) ' flj,n t (x)\. 
1=1 

Holder inequality, Lemma 4.5 and (4.25) then yield that 

(4.42) ||n,, T (/i,/2,/3)|| L i (/) < CsizeJ(T)size!(T)2-*' . 

Thus we estimate the difference |At — At| by 



Csizet(T)size^T) £ £ |/| 

jescl(T) I :\ I \ =2 - k j 



L Sh,(T) 



L Shj(T)^ 



L Shj(T) 



-1/10 



L°°(I) 



By the definition of lgw-p)) ^ * s eas ^ ^° see ^ * s a smo °th approximation of lshj(T) 
and for any positive interger N the following inequality holds. 



\I\ 



Shj (T) 



L Sh i (T)y 



L Shj(T) 



T)) 



-1/10 



< 



Cjv|/| 



[l + l/l-Mist^aSh^T))) 



N 
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Summing up all Fs with \I\ = 2 J, we estimate the difference by 

Csizet(T)size^(T) 2~^ Card^Sh^T)) . 

iescl(T) 

Hence the lemma follows by Lemma 4.9. □ 
Lemma 4.11. Let T be a convex tree in S( 2 )(f2). For I 6 {2,3}, let Fi ~ be defined by 
(4-43) ^^) = lsh,(T)(^)/^o(x), 

ifTj ^ 0, and Fij = i/Tj = 0. Then we have 

(4.44) sup > F/j 

M V , 



< Csizel(T)|/ T t 1/p 



where L = 2 100 , M ranges over all integers between and 6L and C is a constant indepen- 
dent of f e ,T. 

Proof. For simplicity, we only prove the lemma for M = 0. It is easy to see that \Fgj — 
Fgj_i,(x)\ is dominated by 

| 1 !!hi J (T)( I )(./UoOc) - flJ-Lfi(x))\ + Klsh^T)^) - ^^(T)^))/^-^)! • 

Clearly, by the definition of A|(T) and size^(T), we get 

1/2 



E l^-sh^T) {fe,j,o - fe,j-L,o)\ 2 ^j 



Thus to obtain (4.44), it suffices to show that 



< C|Ia;(T)|| < Csize*(T)|/ T | 1/p . 



(4.45) 



El (*s 



Sh,(T) ■ l Sh J _ L (T) 



)fi,j-L,C 



1/2 



< Csize*(T)|/ T | 1/p . 



Heuristically one can consider lgh-(T) as lshj(T)- Then by the nesting property of the j-th 
shadows due to the convexity of the tree, we see that Shj_^(T)\Shj(T)'s are disjoint and 
this is the reason why we have such an estimate. 

Now we go to the technical details. Since p < 2, we estimate the left hand side of (4.45) 

by 

/ \ i/p 

y E \\( 1 *Sh J (T)- 1 *Sh^ L (T))kj-Lfl\\lj ■ 



'jesd(T) 



This is dominated by 



E E / (^(TJ"^^^ 1 ^ 

iGscl(T) 7 .| 7 | =2 - fe i Jl J 

where lgh (T) * s * ne f unc ti° n defined in (4.41) and U.*(fi) = (l Sh . L ^) 1 ' 10 fi,j-L,o- Holder 
inequality, Lemma 4.5 and (4.25) then yield that 

(4-46) ||n*(/^)|L P(J) < CsizeKTjBize^T)!/! 1 ^ . 
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Thus we dominate the left hand side of (4.45) by 

/ 1 \ Vp 

Csizet(T) S ize^(T) £ £ (l£ h . (T) - l£ h ._ i(T) ) (^.(T))" 15 I'M 

Since Shj(T) C Shj_/,(T), it is easy to see that 

| 1 Sh J (T)( X ) ~~ 1 Sh J _ L (T)( :r )| - Clsh j _ L (T)( X ) • 

On the other hand, observe that |lg h .( T ) — lg h l (t)I * s dominated by 

dSh- w = i s ^ mm . + (1 + 2lJdist(l % hj(T)))) , • 

for any positive integer N. Hence the L°°(I) norm of (lg h .( T ) — lg h L (T))(^sh L (T))~™ 
is estimated by 



Cat C_ 



+ 



N 



(1 + |J|-idiBt(7, Sh i „ L (T)\Sh i (T))) 7V (1 + l/l-idist^^Sh^T))))^ ' 
For those I's contained in Shj(T), we have 

1 1 

< 



(1 + l/l-Mist^Sh^TASh^T)))^ (1 + iJl-idiBtfrflCShjCT))))" ' 
For those Fs contained in (Shj_i(T)) c , we get 

1 



< 



(1 + l/l-Mist^Sh^zXTASh^T)))^ (1 + l/l-idist^^Sh^LCT))))^ ' 
Thus we have 

1 



E 



ll + l/l-Mista, Sh i _ L (T)\Sh J (T))) Af 



I:\I\=2~ K i 

< |/|- 1 |Sh j _ L (T)\Sh i (T)| + Card(8Sh,-(T)) + Card(aSh i „ L (T)) . 

By the nesting property of j-th shadows, the fact 2 k i ~ 2 k j~ L , and Lemma 4.9, we obtain 
that 

L Sh,(T) - 1 Sh j _ i (T))(lsh ;l _ i (T)) -15 



\I\<C\It\, 



E E 

jescl(T) h\I\=2- h 

which yields the desired estimate (4.45). Therefore we finish the proof. □ 
Lemma 4.12. Let k € {1, 2} and T be a convex tree in S^ K \fl). Then we have 

(4.47) |A T (/i, / 2 , /a)| < Csizel(T)size^(T)|/ T | , 
where C is a constant independent of T, S, /i, /2, /3- 

Proof. By Lemma 4.10, it is sufficient to show that 

(4.48) |A T (/i,/ 2 ,/ 3 )| < Csizel(T)size^(T)|/ T | , 
where C is a constant independent of T, S, /i, /2, /3- 
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We first prove the simple case k = 1. In this case, kj 2 = kj for all (j,n) € T. We thus 
dominate |At| by 

1/2 



/sup F ^iA x ) n ( Yj l^nO^n 



#2 (j,n)eT 

By the definition of Ai and Holder inequality, we estimate |At| by 

II SU P l^,n 2 |LI|Ai(T)|| ||A 3 (T)|| 

where l/p + 1/p' = 1 and -F/j n = lj* n fi,j,n v Lemma 4.5 yields that 

||^,n|L<^(T). 

Clearly the definition of size yields 

||A 1 (T)|| p <sizet(T)|/ T | 1 /?\ 

And (4.25) yields 

||A 3 (T)|| p ,<C|/ T |W. 
Putting all of them together, we obtain (4.47) for the case k = 1. 

We now prove the case k = 2. In this case, 2 fc -?' ~ 2 fc -? 1 for all (j, n) 6 T. For simplicity, 
we only consider the case ri£ = 0. The general case can be done in the same way by paying 
a cost of (1 + \ri£ |) 10 in the constant. Then we write the trilinear form At as 



r 3 

A T (/i,/2,/ 3 ) = E / JjF^dx, 



where Fgj is defined in (4.43). Here we take a convenient notation that Fgj is identically 
zero if j ^ scl(T). Let L = 2 100 . By the telescoping argument used in Lemma 3.1, we can 
write At as a finite sum of two types of trilinear forms. One type of them is defined by 

(4.49) At,i(/i, h, h)= F hj+m'(j)-M(x)U jtL (F 2 j,F 3 j)(x)dx , 

J j£Z 

where m'(j) = [(L 2 j + M 2 — L\j — M\ + 6)/Li], M is an integer between and 6L, and 
Rj,L(F 2 j,F 3 j) equals to (F 2 j - F 2tj _ L )F 3J _ 8L or F 2 j^ L (F 3J - i^j-i)- Another type of 
them is defined by 

r / m ' (i) \ 

(4.50) J2[Y1 F hj+k(x) J (F 2J (x) - F 2 ^ L {x)) (F 3d - M (x) - F 3j . M _ L (x))dx , 

which is denoted by At,2(/i, /a)- 

We now prove the estimate for the first type trilinear form At,i- Let us first consider 
the case 

A T ,i(/i,/2,/3) = / Y F 1:j+m , (j) _ M (x)(F 2J - F 2 j- L )(x)F 3jj -8 L (x)dx. 
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In this case, by Cauchy-Schwarz inequality, |A T1 | is estimated by 

/ (^2\ F lJ+m'(j)-M(x)F 3 j-8L(x)\ 2 ^ (j2\F 2>j (x) - F 2 J- L ( 



1/2 



dx . 



Using Holder inequality, we dominate it by 



1/2 



£1* 



2,j ~ r 2, 3 -L\ 







Yl \ F l,j+m'(J)-M F 3,j-8L 
■ j 

The first factor in this expression is no more than 

^ 1 i+m'(j)-M,n/lj'+m / y)-M,ni/3,i-8L,0 j 



1/2 



2 \ !/ 2 



3 nST 

which is dominated by 



j + m'(j)-M 



/ 2\ 1/2 

( X] X] (lj+m'(j)-M,n) fl,j+m'(J)-M,nj3,3-SL,0 j 



j nGT j+m / (j) _ M 

We estimate it by 



1/2 



SU P ||lj,n/3,CO',M,K'),o| 
p' (i,n)£T 



where .ftT is some integer between — 10L and 10L and C(j, M, if)is defined as in (4.8). 
Clearly, \*- n fz£(j,M,K),o is bounded. Also by Lemma 4.6 and an interpolation, we have 



(4.51) 



y~i m,nhj,ni\ j 



1/2 



< Csizet(T)|/ T | 1/p '. 



And Lemma 4.11 yields that 



(4.52) 



(Elfiu-W) 



1/2 



< size^(T)|/ T | 1/p . 



(4.51) and (4.52) give us the desired estimate for At,i in the first case. 
We now consider the case 

At,i(/i,/2,/3) = / Y F i,j+m'(j)-M(x)F 2 ,j-L(x)(F 3 j - F 3)j - L )(x)dx . 
J jez 

In this case, using Cauchy-Schwarz inequality, we have that |Ax,i| is estimated by 

1/2 / \ 1/2 



/ \ F l,j+m'(j)-M{x)F 2)j - L (x)f S j (^2\F 3 ,j(x) - F 3jj _ L (x)| 2 ^ 



dx . 



By Holder inequality, we dominate it by 



\ 1/2 / \ 1/2 

\ F hi+m'(j)-M F 2,j-L\ J ^ [Yl \ Fs >i ~ i?3 J- i ! J 
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The first factor in this expression is no more than 



j neT j+m ,^_ M 
We estimate it by 



fi-j+m'(j)-M,n) fl,j+m'(j)-M,n 1 f2,j-L,0 



2\ 1/2 



\ 1/2 

^! |^i,n/l,j,ni| J 



SU P ll^,n/2,CO',M,A"),o| 
p' 0»eT 



where -RT is some integer between — 10L and 10L and £(j,M,K)is defined as in (4.8). By 
(4.29) and the definition of size, we see that 



(4.53) 

Lemma 4.11 and (4.26) yield that 



SUP \m,nf2,((j,M,K),o\\oo - C size 2( T ) 
U,n)eT 



(4.54) 



(EI^-jW) 



1/2 



l/p 



Putting (4.51), (4.53) and (4.54) together, we thus get the desired estimate for Ax,i in the 
second case. 



Finally let us estimate At, 2- The integrand in (4.50) is dominated by 



sup 

j 



m'(i) I 

E F w(x) (EK^i - F 2J - L )(x)\ 2 Y (j2\(F 3 ,j-M-F 3 ^M- L )(x)f 
k=o ^jez ' ^jez 

There exist p\,p% £ M such that 1/pi + l/p + l/pz = 1 and p\ > p',ps > 1. By Holder 
inequality we dominate At,2 by 

m'(j) 



sup 

j 



k=0 



in 



E ftj+kfr) EI^-^-l 



E l F 3,i-M - Fz,j-M-L\ 



/»:: 



Just notice that one can simply define the size with respect to any number p% by using L P3 , 
then (4.26) and Lemma 4.11 still hold. Thus we have 



(4.55) 



E K 



j-M — Fsj-M-L\ 



< c\i T \ 



1/P3 



PS 



Notice that the supports of Fourier transform of Fi j+kS are essentially disjoint. We thus 
have 

m'{j) 



sup 

j 



E F hj+k(x) 



k=0 



< C 



Pi 



E^- 



pi 



Clearly, 



E^- 



< Ai(T 



2 ' 



By Lemma 4.6 and an interpolation, we have that 

||Ai(T)|| 2 <Csizet(T)|/ T r /2 
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Thus we get 



E^ 

3 



< CsizeJ(T)|/ T | 1/2 . 



A routine argument as we did in Lemma 4.6 yields 



(4.56) 



E^ 



< Csize*(T) 



BMO 



Now by an interpolation, we obtain that 



(4.57) 



< CsizeI(T)|/ T | 1/pi • 



pi 



Hence the desired estimate for At, 2 now follows by (4.57), (4.52) and (4.55). Therefore we 
obtain Lemma 4.12. 

□ 

4.5. Proof of Lemma 4.3. We now prove Lemma 4.3. Without loss of generality, we can 
assume that S is a convex set. Lemma 4.8 then yields that SW(O) and S^ 2 ^(0) are convex. 
By the definition of convexity, we see that the convexity is preserved for a maximal tree 
in a convex set and the remaining set obtained by removing a maximal tree from a convex 
set. Thus, applying the organization lemma 4.7 for S( K )(fi) inductively, we decompose 

Sto(fi) =(Js^ . 



(4.58) 



where k G {1,2}, a ranges over all possible dyadic numbers, = U .,-(«) T such that 
F„ is a collection of convex trees with 

(4.59) count(S CT K) ) < Ca~ p , 
and for both t = 1 and i = 2, 

(4.60) size^S^) <<r\F e \ 1/p . 

By Lemma 4.4 and the definition of S(f2), we know that a < 1 in order to make 
nonempty and we can also sharpen the upper bound in the size estimate for So- by 

(4.61) sizeJ(SW) < min{l, a\F t \ x ^} . 
Hence we estimate Ag(n) by 

2 

|As(Q)(/l,/2,/3)| <EE E | A t(A,/2,/ 3 )| ■ 

K = l <7<1 rp^^n) 

Lemma 4.12 yields that 

2 

|A S( n)(/i,/2,/3)|<EE E 8^(sW)Bi«S(SW)|/T|. 

K = l (7<1 Tg^"'' 1 ' 

Applying (4.61) and (4.59), we thus obtain 



(4.62) 



|A S ( 0) (/i, h, h)\ < CJ2 min {l, *|*i| 1/p } min{l, a\F 2 \^}a~ p , 



a<l 
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which clearly implies (4.24). Therefore we complete the proof of Lemma 4.3. 



5. Proof of Theorem 2.2 

We now prove Theorem 2.2. The uniform estimate from L? x I? to L 1 follows immediately 
by a change of variables and Littlewood-Paley theory and (2.4) is superfluous. Take this 
simple idea and we can get the uniform estimate for px,P2 > 2 and 1 < r < 2 in Proposition 
5.1 for the case 2 L ^ +m < 2 Ll ^ +Ml /8 or 2 L "' +Ml < 2 L ^ +M2 /8. For the general case, we 
pay a cost of m in the operator norm in this range of pi,P2,P to get Lemma 5.3. 

For r < 1 case, we use some idea from Section 4 and one can see that technically it is 
much simpler than what we did in Section 4. We have to assume (2.4) and pay a little 
more for the operator norm such as 2 em (see Lemma 5.6). The uniform estimate might be 
true but 2 £m for a small e > is good enough for our application. 

As we did in Section 4, we set up a trilinear form first. Let us ignore the condition (2.4) 
for a while. If 2 L ^ +kh < 2 L «'+ Ml /8, let u' 3J = {£ : 2 L ^ +Kh /8 < |f | < 19 • 2 L ^ +Nh /8} and 
$ 3 j be a Schwartz function whose Fourier transform is a bump function adapted to 
such that $3j(£) = 1 for all 2 L ^ +hh /A < |£| < 9 • 2 L ^ +Nh /4. 

If 2 Ld+Mi < 2 L v+ M */8, let uj' 3 j = : 2 L ^ +A/2 /8 < |f| < 19 • 2 L ^' +A/2 /8} and $ 3J be 
a Schwartz function whose Fourier transform is a bump function adapted to uj' 3 ■ such that 

8 3) j(£) = 1 for all 2 L ^ +M2 /4 < |£| < 9 ■ 2 L « +M2 /4 

If 2 L ^+ Ah /8 < 2 L ^ +M2 < 8 • 2 L v+ M \ let u/ 3J = : |f | < 18 • max{2 Ll J+ M i, 2 L «'+ M2 }} 
and $3j be a Schwartz function whose Fourier transform is a bump function adapted to 
uj' 3 j such that $ 3j (£) = 1 for all \£\ < 17 • max{2 Ll J+ Ml , 2 L ^ +M2 }. Let $ 3jj , m = $ 3J , 
f3,j,m(x) = f3,j,o( x ) = h* $3,j,o(x)- Define a trilinear form AL lr L 2 ,Mi,M 2 ,m by 

(5.1) Al i,L 2 ,Mi,M 2 ,m (/i,/2,/3) = / ^n^™^^- 

Clearly A LliL2j M l5 M 2 ,m = / ni /li L 2i Mi,M 2 ,m(/i, f2){x)fz{x)dx. 
We will prove the following two lemmata. 

Lemma 5.1. Letp\,p2 > 2 and 1 < r < 2 snc/i £/ia£ 1/pi + 1/pi = 1/r. Lei F\,F2,F^ be 
measurable sets in M. There exists a constant C independent of F\, F2, F3, /1, /2, / 3 , Mi, 
M2, m snc/i £/ia£ 

(5.2) |ALi,L 2 ,Mi,Af 2 , m (/i,/2,/ 3 )| < CmlFil^j^l 1 ^!^! 1 ^' 
ZioZds /or all h £ X(F X ), h G AT(F 2 ) and / 3 G X(F 3 ). 

Lemma 5.2. Ze£ e be any positive number, 1 < p < 2 and i 7 !,^,^ 6e measurable sets 
in M. such that \F^\ = 1. Suppose (2.4) holds for all j's. Then there is a subset F 3 C -F 3 
with I-F3I > \F^ 1/2 snc/i i/ia£ /or aZZ Pi,P2 > P with l/p\ + l/»2 > 1; functions 
fi € AT(Fi), /2 G X{F2), / 3 G A"(F 3 ), i/ie following inequality holds. 

(5.3) |A Ll , i2 ,Mi,M 2 , m (/i,/ 2 ,/3)| < C2 £m \F 1 \ 1 ^\F 2 \ 1 / p2 , 
where C is a constant independent o/S, i<i, -F2, F3, /1, /2, / 3 , Mi, M2, m. 

Theorem 2.2 is a consequence of these two lemmas by using interpolation and duality. 
We also have a corollary from Lemma 5.1 by a simple interpolation. 
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Corollary 5.1. Let p\,P2 > 2 and 1 < r < 2 such that \jp\ + 1/pi = 1/r. There exists a 
constant C independent of F±, F 2 , F3, /1, f 2 , /3, Mi, M2, m suc/i £/iaf 



(5.4) ||n Ll ,L2,Mi,A/ 2 ,m(/l, /2)|| r < C m ll/l||pi Il/2||p2 
holds for all h G L Pl and f 2 G L P2 . 

5.1. Proof of Lemma 5.1. For ^ G {1,2,3}, let Trgj m be a translation function denned 
by 

(5.5) Tr e j >m (x) = x + , 

where m jt = T"-iU-M t Mi G {1, 2} and m j3 = 0. Notice that f Um (x) = ftj,o(Tr Um (x)). 
Write A LlyL2jMl ,M 2 ,m as 



AL 1 ,L 2 ,Af 1 ,M 2 ,m(/l,/2,/3) = / JJ 1 1« ( Tr Ai,™(^)) /g,j,0 ( Tr f ,j,mO*0) <^X . 

J]& e=i (j, n )ezxz 

For S C 2(7) x Z we define 

3 

(5.6) As,m(/i, / 2 , /8)=/EIIE F^ m {x)dx , 

where Sj = {n : (j, n) G S} and Fi j n m is defined by 

(5-7) F£,j,n,m(x) = {(lj,nft,j,o) Tr f ,j,m) ( x ) ■ 

Let fej^ be an integer such that \uj' £ -| ~ 2 fc J £ . For s = (j, n) G S, let k s = kj = mmgkje- 
The time interval of s is defined by I s = [2~ ka n, 2~ ks (n + 1)]. We then can define a tree in 
S as in Section 4. To prove Lemma 5.1, it is sufficient to prove the following lemma. 

Lemma 5.3. Let pi,p2 > 2 and 1 < r < 2 such that 1/pi + l/pi = 1/r. Let Fi,F 2 ,Fs be 
measurable sets in IR. There exists a constant C independent of F±, F2, F3, f\, f 2 , fs, M\, 
M2, m such that 

(5.8) |A s , m (/i,/ 2 ,/3)| < Cm|F 1 | 1 /Pi|F 2 | 1 ^|F 3 | 1 / r ' 
holds for all fx G X{Fi), f 2 G X(F 2 ) and / 3 G X(F 3 ). 

By scaling invariance, we can assume that I-F3I = 1. We partition S into two subsets 
and S( 2 \ where 

(5.9) S« = {(j,n) G S : \u' 2J \ < K^-l/10 or \u' hj \ < \co 2J \/10} 

(5.10) S (2) = S\S (1) . 
We should change the definitions of sizes of trees in S. 

Definition 5.1. Let (j,n) G S and £ G {1,2,3}. Define a semi-norm \\fe\\j n by 

(5- 11 ) \\fe\\j,n = p-ji/2" ll^n/^olla + TJJ^\\ 2 ~ kjll j*n D fe,3,o\\2 ' 

where Dfg j^ is the derivative of fijfl- 
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Definition 5.2. For I £ {1,2,3} and a tree T, let (j't> ?^t) ^ e ^ e °/ ^ e ^ ree T. j4nd 
define 

1/2 

(5.12) AKT)(x) = ( 

If T is a tree in we define 

(5.13) size^(T) 



I/tI 1 / 



T7^ll A K T )|l2 + ll^ 



for allie {1,2,3}. 

If T is a tree in S^ 2 \ define size^(T) by (5.13) only for t € {1,2}. For I = 3, we define 
the size by 

( 5 - 14 ) si Z e 3 (T) = ||/ 3 || iT)nT , 

Let P be a subset ofS. Define the i-size* o/T by 



(5.15) 

where T ranges over all trees in P. 



size|(P) = sup size^ (T) , 

T:TCP 



One should notice that for A S (i) m we have a uniform estimate for p\,p2 > 2 and 1 < 
r < 2. We state it as follow 

Proposition 5.1. Let pi,P2 > 2 and 1 < r < 2 with 1/pi + l/p2 = V r - /i £ -^ Pl > 
/ 2 G L P2 and / 3 € L r '. T/jerc 



(5.16) 



|A s a) im (/i,/ 2 ,/3)| < C||/ilUII/2|| P2 ||/; 



3 Mr' 



where C is independent of m, /i,/2,/3 



Proof. We do not need time frequency analysis for this proposition. The key point is that 
when s E S^ 1 ) the support of Fourier transform of fsjo is away from the origin so that we 
can apply Littlewood-Paley Theorem for the square function generated by f soft's. Clearly 
|A S (i) m | is estimated by 

3 

E II hjA Tr e,j,rn{ X )) dx ■ 
■ 3 6=1 

By Holder inequality, we dominate |A S (i) m \ by 



^|/i,j,o°TVi 



I pi 



3,™\ 



1/Pl 



Pi 



E 1-^,0 °Tr 



2,j,m| 



/'_> 



I/PS 



By a change of variables, it is clear that for £ = 1,2 

i/Pi 



Pi 



EI/< 



Notice the elementary inequality 

Y2\ a j 



1/9 
\ < 



Em 



1/2 



P> 



Pi 



El/ 



I \ 



3,j,0| 



1/P£ 



Pi 
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holds for q > 2. We thus dominate |A S (i) m | by 

\l/2 / \l/2 / \l/2 

j / pi V j / p 2 V j / 

Now Littlewood-Paley theorem yields the desired estimate (5.16). This proves the propo- 
sition. □ 

We now use time frequency analysis to prove Lemma 5.3. Although we only need to 
estimate A S ( 2 ) m due to Proposition 5.1, we still write a proof for both of A g (i) m and 

We first prove the size estimate for a single tree, that is, 



(5.17) 



|A T , m (/i,/ 2 ,/ 3 )| < CjJsizeJ(T)|J T |. 



We only prove the case when T is a tree in S^ 2 ) for (5.17) since the other case is similar. 
In this case 2 k i l ~ 2 k i for all t in {1,2,3}. We thus dominate |A T m | by 



1/2 



dx . 



j sup |(l]* n /3j,o) °T^t,j,m(x)\ ] T ( V \{lj*nfe,j,o) °Tr<?,j,m(aO| 2 ) 

^K(j»eT ^3 V (i,„) G T ' J 

By the definition of and Holder inequality, we estimate |Ax, m | by 

SU P ll^ollooll AJ(T)|| 2 || A|(X)|| 2 , 

(j»eT 

where F£ . = lj* n /3j,o- Notice that Lemma 4.5 holds for the semi-norm. Thus we have 

ll^o!L<size^(T). 
Clearly the definition of size yields 

||A,(T)|| 2 <sizeKT)|/ T | 1/2 
for I G {1, 2}. Putting all of them together, we obtain (5.17). 



Lemma 5.4. Let k G {1,2}, T be a tree in and P be a subset o/S^'. Suppose that 
P PI T = and T is a maximal tree in PUT. Then we have 



(5.18) 



|A PuT , m (/i, / 2 , h) - A P>ro (/i, / 2 , / 3 )| < Cm size^T U P)|/ T | 



where C is independent of /i, /2, /3, P, T. 

Proof. Clearly the difference |ApuT, m — Ap jjra | is dominated by a sum of CAx, m and at 
most finite many following trilinear forms 



jSscl(T) x n6T 



n£(PUT)j 



where (^1,^2,^3) is a permutation of (1,2,3). By (5.17), it sufficient to show that this 
trilinear form can be estimated by the right hand side of (5.4). We only handle the most 
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difficult case i\ 
(5.19) 



1,^2 = 2. Other cases are similar. We estimate the trilinear form by 



E 



E 



jescl(T) j.m : 



E 

neT 



Fl,j,n,m J ( ^2 F2,j,n,m J ( -^3J,n,m 



There is at least one of indices I 6 {1,2} satisfying fcj^ = kj. Without loss of generality, 
assume k«i = kj. We have that for any positive integer N, 

^ f || 

^ Jvll^n'^-Olloo' 



E 



Fi 



,j,n,m 



L°°(I) 



{l + 2 k idi S t(I(m jl ),I T )y 



where I(rriji) = I + rriji is an interval generated by shifting I to the right by rriji and 
n' £ (P U T)j which minimizes the distance between Ij )U and I{mj\). Since Lemma 4.5 
holds for the semi-norm, we get 

CVsizet(PUT) 



Flj, n ,r 



< 



And since PflT 



neT, (1 + 2^dist(/(m il ), I T )) 

and T is a maximal tree in P U T, we have 

Civ ii „„ 



N 



nGP, 



< 



L»(i) (l + 2^dist(/(m j2 ),(/ T ) c )) 



2V 



/e,j,o| 



which is obviously bounded by 



CWsize^PUT)!!! 1 / 2 



(l + 2 fc ,dist(/(m j2 ),(/ T ) c )) J 

< Csize^PUT)!/] 1 / 2 



Similarly, we also have 

ne(PuT)j i2 ( 7 ) 
Thus we estimate (5.19) by 

CVsize^(P U T)size^(P U T)size?j(P U T)|J| 



E 



jescl(T) I:\I\=2- 



[1 + 2^dist(J(m i i), /t)) JV (1 + 2^dist(/(m j2 ), (It) c )) N 



Let j't be the index for the top of T. If j't + 10m > j > j't, we only have at most 10m 
different values for j. Notice that if I(rrij\) C (-^t) c , then we can replace dist(I(mji), It) 
by dist(/(mji), 9It). Thus if we only sum j from j't to j't + 10m we get that (5.19) is 
dominated by 

3 

Cm Yl size! (PUT) | It I • 

The remaining thing we need to deal with is to sum all j > j't + 10m. The main dif- 
ficulty is the case J(myi) ^ (^t) c and I(m,j 2 ) ^ It, because in other cases we gain 
(l + 2 fcj dist( I(rrij£), OIt)) in the estimate for at least one of £ € {1, 2}, which trivializes 
the estimate. We also know from the definition of rrije that dist(I (rriji), I (rrij2)) < 2 m \I\ . 
To make the difficult case happen, the interval I must satisfy dist(/(mj^), 8It) < 10 • 2 m \I\ 
for both t = 1,2. Sum \I(mji)\ for all such Fs to get a upper bound C2 m 2-^. Then 
summing these upper bounds for all j > j't + 10m we get a bound C2 _8m |/T|. Therefore 
we estimate (5.19) by Cm[] f=1 size^(P U T)[Jt|. This proves the lemma. □ 
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Lemma 4.7 still holds for the sizes of trees defined in Subsection 5.1. Let k € {1,2}. 
Applying this organization lemma inductively for S^, we decompose 

(5.20) S(*> = (J S£° , 

a 

(k) 

where a ranges over all possible dyadic numbers, So- = U jujT such that is a 
collection of maximal trees with 

(5.21) count(S^) < Ca~ 2 , 
and 

(5.22) size|(SW) < a^ 1 / 2 

holds for all I G {1,2,3}. 

Notice that Lemma 4.4 holds for the new sizes of trees defined in Subsection 5.1. We 

(k) 

thus can also sharpen the upper bound in the size estimate for by 

(5.23) size £ *(S CT K) ) < min{l, aj^j 1 / 2 } . 
Hence by Lemma 5.4 we estimate Ag im by 

EE E mnsizeKSW)|/ T |. 

K=l a T gjp(K) 1=1 

Applying (5.23) and (5.21), we thus obtain 

(5.24) | A s , m (/i, f 2 , f 3 )\ < Cm ^ a~ 2 min{l, \ 1 ' 2 } min{l, a\F 2 \^ 2 } min{l, a} , 

which clearly implies (5.8). Therefore we complete the proof of Lemma 5.3. 



5.2. A truncated trilinear form. First by a change of variable, we write Al x l 2 ,Mi M 2 ,m 
as 

r 3 

(5.25) A Ll)L2iMlM2im (/i,/ 2 ,/ 3 ) = / ^2Y[fij fi (Tri :jjm (x))dx, 

j l=i 

where Trij )m (x) = Trij )m - m j2 , fr 2 j im (x) = cc, Tr 3jjm (a;) = x - m j2 . 

To prove Lemma 5.2, we have to set up our time- frequency decomposition in a slightly 
different way for technical reasons. Recall that ip is a nonnegative Schwartz function such 
that i) is supported in [-1/100, 1/100] and ^(0) = 1. And tp k (x) = 2 k i/j(2 k x). Let Q be the 
set defined as in (4.6). As before, kj£ is an integer such that 2 k i l ~ -\ for for t € {1, 2, 3} 
and kj = min{A;.,£}. For a very small positive number e, we define 



(5.26) Qj = {x € fi : dist(x, O c ) > 2^2"^} . 



(5.27) 



UNIFORM ESTIMATES FOR SOME PARAPRODUCTS 31 

Qj, ipj£ depend on m,e but this dependence is suppressed for notational convenience. A 
truncated trilinear form is denned by 

3 

(5.28) An,m(/i,/2,/ 3 ) = / ^n^M x )^>°C^ 

Heuristically, tftjg can be considered as l(f2j) c since it is a smooth approximation of 1(q-)c. 
In time space, fL is an exceptional set which can be removed, we can handle it well. The 
technical details about this can be found in Section 4. In order to get 2 em instead of 2 m in 
the estimates, we have to remove only a smaller set. Here is the lemma which allows us to 
do so. 

Lemma 5.5. Let F\, F 2 , F$ be measurable sets. Let F^ = F^Q. Then 

(5.29) \(A Ll ,L 2 ,MuM2,m-An, m )(fi,f2,f3)\ < C2" 100 ™ min { 1, |F X 1^} min { 1, |F 2 1^} 

holds for all functions f\ G X(F\), f 2 € X(F 2 ), /3 £ X(F^), where C is a constant indepen- 
dent of Li,L 2 , M u M 2 ,m, /i,/ 2 ,/ 3j F U F 2 ,F 3 . 

Proof. The difference \AL lt L 2 ,Mi,M2,m ~ An,m| is dominated by 

3 3 



El 1 " lM*)\ WhA^A*)) 



1=1 e=i 



dx . 



Clearly, 

3 3 
11-11^(^)1 < 3 ^ 1 1 — ^(^) I 

For I = {1, 2}, by the definition of we have for any positive integer N, 

\fe,j,o{^e,j,m(x))\ 

< [ W'fr)!** dy 

J (l + 2^|Tr fj - m (x) -y\) 1S 

< C2 2m (l + 2^dist(Tr^- m (x), O c )) 2 min{l, \F e \V p } . 
Since f 3 £ X(F^), we obtain that 

(5-30) |/3j,o(a0| < ~ ^ ~w ■ 

(l + 2 fc J 3dist(Tr 3jim (x),fi c )) W 

Thus by the fact that 2 fc -? 3 ~ max{2 fc J f }, kj 2 > %i + m and the definition of Oj, the 
difference in the left hand side of (5.29) is estimated by 

r r 2 k i ^Cjv2 4m min{l,| J Fi| 1 /p}min{l,|F 2 | 1 / p }^ 

yj J^j (l + 2 k i\x-y\) N V (l + 2^3dist(fr 3j - m (x),O c )) 7V 

f C N 2 4m mm{l, IF^/p} mm{l, \F 2 \ l /P\ 1 

— / m 

jJOi (1 + 2^dist(y,O c )) 

< C2- W0m min{l, \Fj \ 1/p } min{l, \F 2 \Vp} . 
Therefore we finish the proof. □ 
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By this lemma, we only need to consider Afi m . For S C ^(7) x Z we define 
(5-31) A s ,fi,m(/i,/2,/3) = / Fe,j,n,m(x)dx , 

where Fij nm is defined by 

( 5 - 32 ) Fz,j,n,m{x) = 1pj£(x)ll n (TTij tm (x))fij fi (fvij tm (x)) . 

As before we only need to consider the trilinear form (5.31). To prove Lemma 5.2, it is 
sufficient to show the following lemma due to Lemma 5.5. 

Lemma 5.6. Let £ be any positive number, 1 < p < 2 and Fi,F 2 ,F% be measurable sets 
in R such that \F%\ = 1. There is a subset F^ C F 3 with \F%\ > \F^\/2 such that for all 
pi,p 2 > p with 1/pi + l/p2 > I, and all functions f\ G X(F 1 ), f 2 G X(F 2 ), f 3 G X(F 3 ), 
the following inequality holds. 

(5.33) |As Aro (/i,/ 2 ,/3)| < C2 £m \F 1 \ 1 ^\F 2 \ 1 ^ , 

where C is a constant independent o/S, F±, F 2 , F3, fi, f 2 , /3, L\, L 2 , Mi, M 2 , m. 

5.3. Preliminary Lemmata. To prove Lemma 5.6, we should change the definitions of 
size of a tree in S and set up some lemmata first. 

Definition 5.3. Let (j,n) G S and £ G {1,2,3}. Let ip*^ be the function 

f 2 k i 

( 5 - 34 ) tie( x ) = I — — ^m d v 



(Q 3 -) c {l + 2 2k i\x -y\ 2 )' 

Define a semi-norm \\fp\\ . by 
J II J ** \\j,n,m 3 

(5.35) 

llMUm = J^Kn&h o Trllm)kj,o\\ P + Jf^P'^X *Z£m)^,o|| p > 

where Tt £ j m is the inverse o/Tr^j jrn and Dfyj^ is the derivative of fej,o- 

Definition 5.4. For £ G {1,2} and a tree T, let (j'tj^t) fre iae top of the tree T. ^nd let 
A* m (T) 6e denned fry 

/ \ 1/2 

(5.36) A,* m (T)(x) = ( ^ ll^J^^ofr^.J^/^o^)! 2 ) . 

V (i,n)eT 7 
7/T is a tree inS, we define 

(5.37) size Am (T) = ^^||A^ m (T)|| p + \\f e \\ , 

/or a/ZI G {1,2}. 

Let P fc a subset o/S. Define the (£,m)-size* of T fry 

(5.38) size| m (P) = sup size^ m (T), 

TTcP 

where T ranges over all trees in P. 

In i/ie definition of we can replace the exponent 200 fry a larger number 2 100 to define 

a new function. Denote this function by If l| n and are replaced by l*j n and ip*^ 
respectively in the definition A^, m (T), we denote the corresponding function by A^ m (T). 
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Lemma 5.7. Let 1 < q < oo, I € {1,2,3} and T be a tree in S. Then 

(5.39) K™(T)|L < C inf M g (Af/,)(x)|/ T | 1/<? , 

(5.40) size Am (T) < Cmin{2^ m |^| 1/p , inf M p (M/,)(x)} , 

where 0i = 1 if £ = I, Pi = e 2 if 1 = 2, and C is a constant independent of fe,T, S, Li , 
L 2; Mi,M 2 . 

Proof. Repeating a similar argument in the proof of (4.25) and (4.26), we obtain easily 
(5.39) and part of (5.40). The only thing we need to prove is 

(5.41) size*, m (T) < C2?'< m \Fe\ 1/p ■ 

Assume 2^ m+10 / T C CI, otherwise (5.41) follows by the upper bound inf xG / T M p (Mf e )(x). 
Let T L be a collection of all s = (j,n) G T such that 2 L I S C Cl but 2 L+1 I S £ 0. Then 

oo 

T= U Tl 

L=[f3 e m+10] 

Let $l be the set of all time intervals / s 's for s 6 T^. Clearly, JJ/, is a set of disjoint intervals 
and Y2jej L \J\ — mm {|^T| 5 !}• Thus it is sufficient to show that for any J £ an d any 
(j, n) € T such that I s = J, 

(5.42) ||l*;(^ofr^ m )/^ ||^ < Cn ( inf M p (Mfi) (xf) p L~ N \J\ 

holds for a large integer N , where fe,j,o is fe,j,o or 2~ k ^ e Dfijfi, since the desired estimate 
follows by summing up all L's and J's. By the definition of ip^, we have 

° Tr^j m (x)| < - - - 200 ; _ n 7— - 200 ' 

(1 + 2^-dist^, J)) 2 °°(l + 2^dist(Tr^. m (x), (%)<=)) 200 

which is clearly dominated by 

C 

(1 + 2 fc idist(x, J)) 100 (l + 2 fc idist(J iimj (^) c )) 10 ° ' 
where Jj >m is the interval {Ti£j m (x) : x E J}. Since L > @gm + 9, by the definition of 
Tfyj'.m we t nus dominate |l** n (V>*£ ° Tr^ m )| by 

C 

(1 + 2*idist(x, J)) 100 (l + 2^ dist(j, (^) c )) 10 ° ' 

Thus we have 

||l*;(^ofr^ m )/,, i)0 ||^ < C{ inf M p (Mf e )(x)) p L^\J\, 

which yields (5.42). Therefore we finish the proof. □ 
Lemma 5.8. Suppose that s = (j,n) € S. If ' 2 k i l ~ 2 k i , then 

(5-43) l|ir»Wi°*«,J/w,o|L < C\\h\\^ m 

holds for £ E {1,2,3}, where C is a constant independent of s, fi,m, L\, L 2! M\, M 2 . 
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Proof. Let a = \\fe \\ . . By the definition of the semi- norm, we have 
J ' II ^ c II j ,n,m 

(5.44) ^im)kA P + IHWn W< ° ^im)Dh,jfi\\ P ^ M'* 

First we prove the BMO estimate for the function, that is 

( 5 - 45 ) 1 1 V j*n ° ^7j,n») ,3,0 1 1 BMO - C ^ " 

If |I S | < |J|, by (5.44) we have 

' m J j \ 1 ]%( X ){^]l°^i},rn)i X )f^fl{x) ~ c\dx 

< iii^^ofr^j/^oigji 1 -^ < niisihJi 1 ^ < H\J\- 

If \I S \ > \J\, by (5.44) we obtain that 

inf / \^n(x){^j£°^e,j, m )( x )fe,j,n e {x) - c\dx 
c J J 

< \J\J (lj%{i>jt°^llm)faj,nA (x) dx 

< C\J\\I S \- 1 j \l^ n (x)(^t o Trjl m )(x)f t>jint (x)\dx 

+ \ J \ / | 1 i,n( 3; ) (tfi ° T r £,l»n) (x)Dfe,j,n e (x)\dx 



< C^jf-l^v- 1 < C/i|J|. 

Thus we get the BMO estimate (5.45). Interpolating (5.45) and (5.44), we have for any 
p < q < oo, 

||l** n (^ o TrJj tm )f tJ , ni \\ q < C^\I S \^ . 
Notice that an integration by part and Holder inequality yield that 

Kni^je r $ I: tj,m)flj,nt\\ 00 < Knitfe ° ^tj.m) ftj,n t | |y ^ \ | (^.n ° ^J^)^'.^)'!!^' 

where 1/p + 1/V = 1- Hence the desired estimate (5.43) follows by (5.44) and the LP' 
estimate for the functions. □ 

Lemma 5.9. For any tree T in S, let 

/ \ 1/2 

(5.46) A £>m (T)(x)= Yl \^A^Mx))^(x)f e , fi {T^ m (x)\ 2 ) . 

V (j,n)6T J 

Then for £ = 1 we have 

(5-47) ||A, jm (T)|| BMO <Csi Z e|(T), 

(5.48) \\A e>m (T)\\ BMO < CmsizeKT) , 

(5.49) ||^, m (T)|| f/ < Cm l - 2 l%iz4{T)\I^ , 

where q>2 and C is a constant independent of T, S, L±, L%, Mi, M2, fi, rig. 
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Proof. (5.47) can be obtained by a routine way as we did for Lemma 4.6. We omit the 
details. We should only prove (5.48). (5.49) is a simple consequence of (5.47), (5.48) and 
an interpolation argument. 

Clearly by a change of variables ||A^. m (T)|| 2 = || A^. m (T)|| 2 . Thus (5.47) and an inter- 
polation yield 

(5.50) ||A /)m (T)|| 2 < Csize!(T)|/ T | 1/2 • 

Let fj, = size|(T). Let J be a dyadic interval and Tj = {s S T : I s C 3J}. We then 
dominate inf c Jj |A^(T)(x) — c\dx by a sum of the following three parts. 

Al/2 

Y \^,n{^£J,m(x))i>ji(x)fijfi(Tr e j tm (x))\ j dx, 
[ Y |ij,n(T^j,m(^))^£(^)^,j,o(Tr^ im (x))| 2 j dx, 



seT\T 7 

\h\<\J\ 



and 



inf 



Y I ^ln{^e,j,rn( x ))i'jei x )fi,J,o{^£,j,ni{x)) 



seT\Tj 

\h\>\J\ 



1/2 



dx . 



Tj can be decomposed to a union of trees Tj^-'s such that the time intervals ir Jfe 's are 
disjoint and all of them are contained in 3J. Using Cauchy-Schwarz inequality, the first 
part is estimated by 

EiiA^T^ii^/vr- 

k 

Appying (5.50), we dominated the first part by Cfx\J\. 
Since p < 2 we estimate the second part by 



sGT\Tj 

\Is\<\J\ 



1/2 



^ ( Y \\^,n°^3,mWjt{h,j >n , ^l,3,rn)\\ P LP{ j ) ] 



LP(J) 
1/p 



\J\ P 



< 



< 



•s£T\Tj 
\h\<\J\ 

Y 



C||(l,> Trum^klm o Tt^HJx VP 



/' 



sgT\Tj 

(l + |J a |- 1 dist(J,Tt />3 . m (J s ))) 
|J.|<|J| 

C|/ s | 

(l + |/ s |-Mist(J,Tr^. m (/ s ))) 

\h\<\J\ 



100 



100 



1/p 



\J\ 



1-i 



where Tr^ j m {I s ) is the interval {Tr^ j tTn (x) : x € /,}. Observe that if |/ s | < 2 m 10 |J| and 

s G T\Tj, then dist(J, Tr^J* im (l" s )) ~ dist( J, I s ). Thus summing for all s in this case, we get 
the desired estimate Cy\J\. In the remaining case, there are only 10m different scales for 
|is|'s since s's satisfy 2~ m_10 | J < \I S \ < \ J\. The worst situation is that when Tr^ ? m (/ s ) H 
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J / 0, because otherwise dist( J, Tt e ^ m (I s )) can be replaced by dist(<9J, Tr e j, m (I s )) and 

thus the desired estimate follows. But in this situation, Tr^ j m (I 8 ) must be a subset of 3J 

since \I S \ < \ J\. For all Tr e j m (I s ) C 3J with a fixed scale, the sum of [J s |'s is no more than 
3|J|. Summing for at most 10m different scales, we thus get the upper bound Cm^i\J\. 
Hence the second part is dominated by Cmfi\J\. 
The third part is estimated by 



inf 

c 



< inf 



E |lIn(^j',m(^))^(^)/^,o(Tr£J,m(a;)) | 



sGT\Tj 
|J*I>|J| 



2 \ 1/2 



sST\Tj 

l/sl>IJI 



^ C ( [ E (|l^(Tr^ m (x))^(x)/, Ji0 (fr, J , m (x))| 2 ) 

|/.|>|J| 

which is dominated by a sum of following two terms, 



1/2 



\ 1/2 
dx\ \J\" 2 



\ 1/2 
dx\ \J\ , 



Rl = C (J E l-f* I -1 1 (Tt^ %Wfc (a;)) ^(a;)/^^^ C&*^(ar)) | 2 da:^ ' \J\ 



dx) IJI 1 / 2 



s£T\Tj 

\Is\>\J\ 



and 



R2 = C (Jj E l%n(^J,m(*))^(^ 7 |J| 



seT\Tj 
\h\>\J\ 

where G£ j m is the function defined by 

Ge,j, m {x) = ll n (fr e j !m (x))ij* e {x)Df £ j :0 (fT £J:m (x)) 
By Lemma 5.8, we see that for any q > p, 

||(l** n o Tre, j>m )^Uhln e o Tre, j>m )\\ q < Cfi\I s \^ . 
Thus, by Holder inequality, the first term R\ is estimate by 



' -se^Tj (1 + l/.l-Mist^fr^^))) 100 

\h\>\J\ 



< 



M E 



\ 1/2 



gt\t / (1 + Vs\ 1 dist(J,lt /j> (I,))) 
\h\>\J\ 



100 



|J| < Cn\J\. 



It is obvious by the fact 2 k i e ~ 2 fcj when i = 1 and the definition of the semi-norm that 
(5-51) \\G iijt m \\ v < \\ft\\ j!n ,m\ Is\ llp - X ■ 
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Thus the second term i? 2 is estimated by 

/ - ~ \ 1/2 

C [ Yl \\fiin°^£j,m)$j£{f£j,0°Tr£j,m)\\ L p> {J) ^ \J\ 
sST\Tj ' 

\I S \>\J\ 

V,J^ Tj (l + |/ s |-Mist(J,Tr^ m (/ s ))) 10 ° J 

|/.|>|J| 

< Cm Y — ^ 77^7 ) \J\ < Ch\j\. 

SeT\T 7 (1 + |/ s |- 1 dist(J,Tr^ m (/,))) 1 °V 

\h\>\J\ 

This completes the proof of (5.48). □ 

Lemma 5.10. Let T be a tree in S and P be a subset of S. Suppose that P D T = and 

T is a maximal tree in P U T. Then we have 

(5.52) 

2 

|ApuTAm(/i, / 2 , / 3 ) - A PA m(/i, / 2 , / 3 )| < |A T ,a,m(/i, / 2 , / 3 )| + Cm J] sizeJ(T U P)|/ T | , 

where C is independent of f\, / 2 , /3, Li, L 2 , M\, M 2 , P, T. 

The proof is similar to the proof of Lemma 5.10. We omit the details and leave it as an 
exercise to the readers. 

5.4. Proof of Lemma 5.6. It is easy to prove a size estimate for the trilinear form on a 
single tree, that is, for any tree T, 

2 

(5.53) |A T ,n,m(/i,/2,/3)| < Cm 2 /"" 1 [J sizeKT)|/ T |, 

e=i 

where C is independent of Li, L 2 , M l5 M 2 , m, f±, / 2 , / 3 , T. 
In fact, by Holder inequality, we estimate |Ax,n,m| by 

!|AU(T)|| p ,||A^ m (T)|| p . 

By (5.49) and the definition of size, we obtain (5.53) immediately. 

Lemma 4.7 still holds for our new sizes of trees and S. Applying this organization lemma 
inductively for S, we decompose 



(5.54) S = yS (T 



where a ranges over all possible dyadic numbers, S CT = Utg^T such that T a is a collection 
of maximal trees with 

(5.55) count(S CT ) < Ca~ p , 
and 

(5.56) size|(S CT ) < a\F e \^ p 
holds for all I 6 {1,2}. 
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By (5.40), the upper bound in the size estimates for S CT can be sharpened by, 

(5.57) size|(S CT ) < min{l, 2^ m \F e \ 1 /P, a\F t \VP} . 
Hence by Lemma 5.10 and (5.53) we estimate Ag^.m by 

2 

E E ^II size Ks CT )i/ T |. 

Applying (5.57) and (5.55), we thus dominate \A s ,n, m (fi, f2, h)\ by 

(5.58) Cm^2a~ p min{l, 2 m \F 1 \ 1 / p , a\F x \ 1/p } min{l, 2 £2m \F 2 \ 1/p , a|F 2 | 1/p } 

IT 

which clearly implies (5.33). Therefore we complete the proof of Lemma 5.6. 



References 

[I] Calderon, A. Commutators of singular integral operators, Proc. Natl. Acad. Sci. USA 53 (1977) 1092- 
1099. 1 

[2] Carbery, A., Christ, M. and Wright, J. Multidimensional van der Corput and sublevel set 
estimates, J. Amer. Math. Soc. 12 (1999), 981-1015. MR1683156 (2000h:42010) 

[3] Christ, M. Hilbert transforms along curves, I: Nilpotent groups , Ann. Math. 122 (1985), 575-596. 
MR0819558 (87f:42039a) 

[4] Christ, M. Hilbert transforms along curves, II: A flat case, Duke Math. J. 52 (1985), 887-894. 
MR0816390 (87f:42039b) 

[5] Christ, M., Li, X., Tao T., and Thiele, C. M. On multilinear oscillatory integrals, nonsingular and 

singular, Duke Math. J. 130 (2005), 321-351. MR2181092 (2006g:42012) 
[6] Fan, D. and Li, X. A bilinear oscillatory integrals along parabolas. arXiv:0709.2907. 1 
[7] Furstenberg, H, Nonconventional ergodic averages, Proceedings of Symposia in Pure Math., 50 (1990), 

43-56. MR1067751 (91i:28011) 1 
[8] Grafakos, L. and Li, X. The disc as a bilinear multiplier, Amer. J. of Math. 128 (2006), 91-119. 

MR2197068 (2006i:42012) 1, 4 
[9] Grafakos, L and Li X. Uniform bounds for the bilinear Hilbert transforms, I, Ann. of Math. 159 

(2004), 889-993. MR2113017 (2006e:42011) 1, 7 
[10] Duoandikoetxea, J. and Rubio de Francia, J. L. Maximal and singular integral operators via 

Fourier transform estimates, Invent. Math. 84 (1986), 541-561. MR0837527 (87f:42046) 

[II] Lacey, M. T. The bilinear maximal function maps into L p , p > 2/3, Ann. Math. 151 (2000), no.l, 
35-57. MR1745019 (2001b:42015) 

[12] Lacey, M. T. and Thiele, C. M. LP estimates on the bilinear Hilbert transform for 2 < p < oo, 

Ann. Math. 146 (1997), 693-724. MR1491450 (99b:42014) 1, 7 
[13] Lacey, M. T. and Thiele, C. M. On Calderon's conjecture, Ann. Math. 149 (1999), 475-496. 

MR1689336 (2000d:42003) 7 
[14] Li, X. Uniform bounds for the bilinear Hilbert transforms, II, Rev. Mat. Iberoamericana 22 (2006), 

no.3, 1067-1124. MR2320411 (2008c:42014) 1, 7 
[15] Muscalu, C, Tao, T. and Thiele, C. M. Multilinear operators given by singular multipliers, J. 

Amer. Math. Soc. 15 (2002), 469-496. MR1887641 (2003b:42017) 1, 7, 8 
[16] Muscalu, C, Tao, T., and Thiele, C. M. Uniform estimates on paraproducts, Journal dAnalyse 

de Jerusalem 87 (2002), 369-384. MR1945289 (2004a:42023) 1, 2, 3, 7 
[17] Muscalu, C, Tao, T. and Thiele, C. M. Uniform estimates for multilinear operators with modu- 
lation symmetry, Journal dAnalyse de Jerusalem 88 (2002), 255-309. MR1979774 (2004d:42032) 1, 7, 

17 



UNIFORM ESTIMATES FOR SOME PARAPRODUCTS 



39 



[18] Nagel, A., Vance, I., Wainger, S., and Weinberg, D. Hilbert transforms for convex curves, Duke. 

Math. J. 50 (1983), 735-744. MR0833365 (88b:42025) 
[19] SOGGE, C. D. Fourier integrals in classical analysis, Cambridge University Press, 1993. 
[20] Stein, E. Harmonic analysis, real-variable methods, orthogonality, and oscillatory integrals, Princeton, 

(1993). 

[21] Stein, E. Oscillatory integrals related to Radon-like transforms, J. of Fourier Analysis and Appi, 

Kahane special issue, (1995), 535-551. MR1364908 (96i:42013) 
[22] Stein, E. and Wainger, S. Problems in harmonic analysis related to curvature, Bull. Amer. Math. 

Soc. 84 (1978), 1239-1295. MR0508453 (80k:42023) 
[23] Thiele, C. M. A uniform estimate, Ann. of Math. 157 (2002), 1-45. MR1933076 (2003i:47036) 1, 4, 7 

Xiaochun Li, Department of Mathematics, University of Illinois at Urbana-Champaign, 
Urbana, IL, 61801, USA 

E-mail address: xcli@math.uiuc.edu 



